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It is well known that PDEs and the theory of function spaces
have played a central role in the mathematical analysis of
problems arising from mathematical physics, biology, and
other branches of modern applied sciences. This special issue
addresses the current advances in these two broad areas;
in particular it focuses on the connections and interactions
between them. We are happy that this issue has received the
attention of active researchers with interesting and valuable
contributions in the field. Topics cover areas from existence
and nonexistence theorems for degenerate differential oper-
ators to multilinear fractional singular integral operators on
weighted function spaces, which might show applications of
theory of function spaces in understanding the qualitative as
well as quantitative behaviors of PDEs.

This special issue consists of five research papers. L. Dai
et al. obtain the existence of solutions to an elliptic equation
in a bounded domain for a Leray-Lions operator acting from
a weighted Sobolev space into its dual. The paper by Q. Wu
et al. establishes the nonexistence of solutions to a semi-
linear elliptic equation with unbounded inhomogeneous
power nonlinearity. They show that there exists no solution
with finite Morse index in the energy-subcritical regime.
This is a Liouville type theorem that has proven to be a
powerful tool in obtaining a priori bound for solutions of
elliptic equations. The paper by J. Cunanan and Y. Tsutsui
deals with trace operators of Wiener amalgam spaces using
frequency uniform decomposition operators and maximal
inequalities. Wiener amalgam spaces, together with modula-
tion spaces, were introduced in the 1980s and are now widely
used for various problems in PDE and harmonic analysis.

They resemble Triebel-Lizorkin spaces in the sense that one
takes L¥(£7) norms using frequency uniform decomposition
operators through unit cubes instead of dyadic annuli. S. He
and X. Tao study the boundedness of multilinear fractional
integral operators as well as the boundedness of multilinear
maximal singular integral operators with rough kernels on
weighted Morrey spaces. Y. Xie et al. obtain the existence and
the structure of a compact uniform attractor for a nonau-
tonomous diffusion equation with fading memory, by ver-
ifying the uniform asymptotic compactness of a family of
processes using asymptotic contractive method. These results
are proven under the conditions that the nonlinearity satisfies
the polynomial growth of arbitrary order and the time
dependent forcing term is only translation-bounded.

We hope that the readers who are interested in analysis
and applications of function spaces, differential operators,
and PDEs will find useful information and perspectives in
this special issue. Meanwhile, we also hope that in the near
future we can see new papers be published based on this issue.
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We study some multilinear operators with rough kernels. For the multilinear fractional integral operators Tg)a and the multilinear
fractional maximal integral operators Mé) ,» we obtain their boundedness on weighted Morrey spaces with two weights L?*(u, v)
when DY A € Aﬁ (lyl =m—1) or DA € BMO (|y| = m—1). For the multilinear singular integral operators Tg and the multilinear

maximal singular integral operators M, we show they are bounded on weighted Morrey spaces with two weights L?*(u, v) if
DA € Ag (lyl = m - 1) and bounded on weighted Morrey spaces with one weight LP*(w) if DYA € BMO (ly| = m - 1) for

m=1,2.

1. Introduction and Main Results

Let us consider the following multilinear fractional integral
operator,

Q(x-y)
Touf (%) = J et R (A3, y) f () dy,
# e -y 1)
O<ac<mn,
and the multilinear fractional maximal operator:
1

M) = sup————
Q:“f (X) Srl:op ph—otm—1

2

'Ll<m&—ﬂRM&&ﬂfUWW @

x—yl<r

0<a<mn,

where Q € L*(S*™") (s > 1) is homogeneous of degree zero in
R", Aisafunction defined on R"”, and R,,,(A; x, ¥) denotes the
mth order Taylor series remainder of A at x expanded about
y; that is,

R, (Asx,y) = A(x) - Z-%D”Myﬂx—yy, 3)

[yl<m F*

Y= ... Y0, eachy;, i =1,...,n,is a nonnegative integer,
— oy - Y ) _
Iyl = Y v ¥ = nlee v & = %} xlr and DY = 9"
oMxy---0"x,,.
We notice that if « = 0, the above two operators Té’“,
Mé)a are the multilinear singular integral operator Tj; and

the multilinear maximal singular integral operator M, whose
definitions are given as follows, respectively:

Q(x-y)

ThF o= | S (B0 f()dy (@

R |x—

My f (x) = sup%
r>0 1
(5)
. Jlx-ykr |Q(x - }/) R, (4; x,y)f(y)| dy.

Form =1, Té’ « is obviously the commutator [A, T, ,] of Tq
and A: [A,Tq ] f(x) = A(x)Tq o f(x) — T o(Af)(x), where
Tq,q is the fractional integral operator given by

Q(x -
%mﬂm=1n—£%ﬁ%f0ﬁw O<a<n  (6)

R" |x —
There are numerous works on the study of multilinear
operators with rough kernels. If DYA € BMO (|y| = m - 1),
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the L? boundedness of T} was obtained by means of a good-A
inequality by Cohen and Gosselin [1]. In 1994, Hofmann [2]
proved that TS is a bounded operator on L?(w) when VA ¢
BMOandw € A > Recently, Lu et al. [3] proved TS and Mé
are bounded from L? to L? (1/p — 1/q = 3/n) when DA €
Aﬁ (Iyl = m — 1), while for multilinear fractional integral
operators, Ding and Lu [4] showed the (Lf(w?P), L1(w?))
boundedness of T v and M Ak (their definitions will
be given later) 1fDVA € BMO (|y| =m-1), j=1,... k.
After that, Lu and Zhang [5] proved TS’(X is a bounded
operator from L” to L (1/p - 1/q = (a« + 8)/n) when DY A €
Aﬁ (Iyl=m-1).

On the other hand, the classical Morrey spaces were first

introduced by Morrey [6] to study the local behavior of solu-
tions to second-order elliptic partial differential equations.
From then on, a lot of works concerning Morrey spaces
and some related spaces have been done; see [7-9] and the
references therein for details. In 2009, Komori and Shirai
[10] first studied the weighted Morrey spaces and investigated
some classical singular integrals in harmonic analysis on
them, such as the Hardy-Littlewood maximal operator, the
Calderén-Zygmund operator, the fractional integral opera-
tor, and the fractional maximal operator. Recently, Wang [11]
discussed the boundedness of the classical singular operators
with rough kernels on the weighted Morrey spaces.
M§ . T,
and Mé have been done on L? spaces or weighted L? spaces
when DY A belongs to some function spaces for |y| = m —
1. However, there is not any study about these operators
on weighted Morrey spaces. Therefore, it is natural to ask
whether they are bounded on weighted Morrey spaces. The
aim of this paper is to investigate the boundedness of TS

We note that many works concerning Téﬂ,

Q“, Tg, and MA on weighted Morrey spaces if D'A €
Aﬁ (lyl = m—1)or DP A € BMO (ly| = m - 1).
When DYA ¢ Aﬁ (Iyl =
T4 are controlled pointwisely by the fractional singular

integral operators T, +p and TQ)ﬁ (their definition will be
given later), respectively. Thus, the problem of studying the
boundedness of Té’“ and T}; on weighted Morrey spaces with

m — 1), we show TS’“ and

two weights could be reduced to that of TQ,“ +p and TQ,ﬁ.
When DA € BMO (ly| = m — 1), the boundedness of
Tg,[x on weighted Morrey spaces with two weights is proved
by standard method. However, we could only obtain the
boundedness of T% on weighted Morrey spaces with one
weight for m = 1 and m = 2, since we need the L?(w)
boundedness of Tg in our proof, but to the best of our
knowledge, there is not such bounds hold for Té whenm > 3.
For M 3,“ and M, we show they are controlled pointwisely by
TS’“ and T}, respectively. Thus, it is easy to obtain the same
results for M, S’ . and M, as those of TS, Land T,

Before stating our main results, we introduce some
definitions and notations at first.

A weight is a locally integrable function on R" which
takes values in (0, 00) almost everywhere. For a weight w

Journal of Function Spaces

and a measurable set E, we define w(E) = fE w(x)dx, the
Lebesgue measure of E by |E| and the characteristic function
of E by yg. The weighted Lebesgue spaces with respect to the
measure w(x)dx are denoted by LP(w) with 0 < p < oo.
We say a weight w satisfies the doubling condition if there
exists a constant D > 0 such that for any ball B, we have
w(2B) < Dw(B). When w satisfies this condition, we denote
w € A, for short.

Throughout this paper, B(x,, r) denotes a ball centered at
x, with radius r. Let Q be a cube with sides parallel to the
axes. For K > 0, KQ denotes the cube with the same center as
Q and side-length being K times longer. When & = 0, we will
denote T¢, ,, Téa, S’“ by T, T4, M{, respectively. And for
any number a, a’ stands for the conjugate of a. The letter C
denotes a positive constant that may vary at each occurrence
but is independent of the essential variable.

Next, we give the definition of weighted Morrey space
introduced in [10].

Definition 1. Let 1 < p < 00,let0 < k < 1, and let w be a
weight. Then the weighted Morrey space is defined by

LP’K (lU) = {f el loc (w) “f"LP"(w) < OO} (7)

where

B 1 » 1/p
|Ifllm,x<w)—sgp(—w(3),< Llf(x)l w(x)dx> . ®

and the supremum is taken over all balls B in R".

When we investigate the boundedness of the multilinear
fractional integral operator, we need to consider the weighted
Morrey space with two weights. It is defined as follows.

Definition 2. Let1 < p < 00,let0 < x < 1, and let u, v be two
weights. The two weights weighted Morrey space is defined
by

L2 (u,v) =

{f: "f“LP”‘(u,v) < OO} ’ (9)

where

“f”b’”‘(uv) <V(B)

and the supremum is taken over all balls B in R". If u = v,
then we denote L?*(u) for short.

[, 17 @l u dx) . (0)

Asispointed out in [10], we could also define the weighted
Morrey spaces with cubes instead of balls. So we shall use
these two definitions of weighted Morrey spaces appropriate
to calculation.

Then, we give the definitions of Lipschitz space and BMO
space.

Definition 3. The Lipschitz space of order 3,0 < 8 < 1, is
defined by

AR ={f:1fF@-FO<Cl=f}.

and the smallest constant C > 0 is the Lipschitz norm || - || Ay
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Definition 4. A locally integrable function b is said to be in
BMO(R") if

I, = Wiy = sup s | 66O -yl <co, (2)
where
T J b(y)dy, (13)
and the supremum is taken over all balls B in R".
At last, we give the definition of two weight classes.
Definition 5. A weight function w is in the Muckenhoupt

class A, with 1 < p < oo if there exists C > 1 such that
for any ball B,

1 1 ey,
(|B| J w(x) dx><|B| Lw(x) dx> <C. (14)

We define A, = U< peco Ap-
When p = 1, we define w € A, if there exists C > 1 such
that for almost every x,

Muw (x) < Cw (x). (15)

Definition 6. A weight function w belongs to A(p,q) for 1 <
P < g < oo if there exists C > 1 such that such that for any

ball B,
] L\
1 d
(|B| Lw(x) x>

(p-D/p

1 /(-

-<®Jw(x) Pl de) <C.
B

(16)

When p = 1, then we define w € A(1,q) with 1 < g < oo if
there exists C > 1 such that

<LJ w(x)qu>1/q ess su ! <C (17)
1Bl Js wehw() )T

Remark 7 (see [10]). If w € A(p,q) with 1 < p < g, then

(a) wi, wfpl, wi e A,.
b) w? €A, witht=1+q/p.
Now we state the main results of this paper.

Theorem 8. If0 < a+f < n, Q € L") (s > 1)
is homogeneous of degree zero, 1 < s' < p < nf(a + f),

g = Vp - (a s fIn 0 < x < plg w' € A(p/s,q/s),
D'A € Aﬁ (lyl = m = 1), then

” f'quq/P (w?) — <C Z "DVA"A "f“LP (wP,wi) > (18)
|yl=m-1

MG e f | pasariny <€ 2 DY AL Wl - 19)
|yl=m-1

Theorem 9. If 0 < B < 1, Q € L°(S"") (s > 1)is
homogeneous of degree zero, 1 < s' < p < n/B, 1/q =

1/p-Bin 0 <k < p/gw’ € A(p/s’,q/s'), D'A € Ay (Iyl =
m — 1), then

"TQf"L’i"q/P(uﬂ) - C Z ”DYA”Aﬁ "f"LP"(wP w)’  (20)

yl=m-1

La*a/P (w1) <C Z |DyA|lAﬂ "f"LP"(wP wi) * (21)

|yl=m-1

2]

Theorem 10. If0 < & < 1, Q € L°(S™™) (s > 1) is homo-
geneous of degree zero, 1 < s' < p < nfa, 1/q = 1/p — a/n,
0<x<plguw €A(p/s',q/s'), DVA € BMO (ly| =m—1),
then

||TQ ocf'LqKq/P(wq) <C Z "DYA" "f"LP"(wP wi)>  (22)
|yl=m-1

”MQ (xf'quq/p(wq) = C Z |DyA|| "f"LP"(wP wi) (23)
yl=m-1

When m = 1 and m = 2, we denote T, M4 by [A, Ty,
~A —
[A,Mg], and T, Mg, respectively, in order to distinguish

from T{ and M) that are defined for any m € N*. To be more
precise,

Q(x-y)

[A,Tq] f (x) = j (AG) - A(y))

R" |x—y|
f(y)dy,
[AM] f () =sup [ 0(x-y)
>0 1" [x=yl<r
(A -A®W) f(»)dy,
(24)
Tare= [ 2D 4w -40)-va0)
-y

(x =) f(»)dy,

—A 1
Maf @ =spos [ 0(-y)
>0 T |x—y|<r

(A(x) - A(y)-VA(y) (x-y)) f(y)dy.

Then for the above operators, we have the following results
on weighted Morrey spaces with one weight.

Theorem 11. IfQ € L°(S"™") (s > 1) is homogeneous of degree
zero and satisfies the vanishing condition .[S"" Q(xNdo(x") =

0,1<s'<p<oo0<x<lweA,y AcBMO, then

1A To) fliew) < CIAL | flipny > (25)

1A Ma] fllpww) < CHANL || f]lor) - (26)



Theorem 12. If Q € L®(S"") is homogeneous of degree zero
and satisfies the moment condition J‘SVHI 0Q(0)d0=0,1< p<
00,0<x <1, weA, VA € BMO, then

[Fasl,. <CIVALI . @)

" (w)

[Fas] @)

<
L (w)

Remark 13. Here we point out that for T{; and M, when
DYA € BMO (ly| = m - 1), the analogues of Theorems 11
and 12 are open for m > 3.

Remark 14. Define

k
T3 0 = [ TRy, (45x)
i=1

Q(x-y)
— xS () dy,
|x - y|
(29)
My f (x) = sup "*"‘*NL 3 12 (x - y)|
X—y r

k
[T|Rn (A% )| 1f ()| dy,
i=1

where R, (Ajx,y) = Ai(x) = X e (L/YDDY A (y)(x -
W,i=1..kN = Zf;l(mi— 1). When 0 < a < n,
they are a class of multilinear fractional integral operators
and multilinear fractional maximal operators. When o = 0,
they are a class of multilinear singular integral operators and
multilinear maximal singular integral operators. Repeating
the proofs of the theorems above, we will find that for

TS‘“ ¥ and M """ A", the conclusions of Theorems 8 and
9 above with the bounds CH:'(:I(ZIylzm,-—l ||D”A,-||Aﬂ) and

Theorem 10 with the bounds C]_[le(zlﬂzmi_l [DYA;|,) also
hold, respectively.

The organization of this paper is as follows. In Section 2,
we give some requisite lemmas and well-known results that
are important in proving the theorems. The proof of the
theorems will be shown in Section 3.

2. Lemmas and Well-Known Results

Lemma 15 (see [1]). Let A(x) be a function on R” with mth

order derivatives in L\ _(R") for some | > n. Then

IR, (A;x, y)|
" 1 : i (30)
<Clx-y|" ) (|1y|J |DYA (2)| dz) ;
lyl=m

where I, is the cube centered at x with sides parallel to the axes,
whose diameter is 5+/n|x — y|.

Journal of Function Spaces

Lemma 16 (see [12]). For0 < < 1,1 < g < 00, we have

111, = s J, 1 69~ o (1]
(31)

i SEPW ( Q J 1F G = bo(f ”qu) "

For q = 0o, the formula should be interpreted appropriately.

Lemma 17 (see [13]). LetQ; € Q,, g € Aﬁ (0 < B <1). Then

|90, ~ 90| = €1/ Il (32)

Theorem 18 (see [14]). Suppose that0 < o < n,1 < p < n/a,
1/q=1/p—a/n, and Q € L°(S™") (s > 1) is homogeneous of
degree zero. Then Ty, is a bounded operator from LP(w?) to
L(w?), if the index set {«, p, q, s} satisfies one of the following
conditions:

(a) s’ < pand w(x)5, € A(p/s',q/s");

(b) s> gand w(x)" € A /s, p'/s');

(c) a/n+1/s < 1/p < 1/s' and thereisr, 1 <r < s/(nfa)’

such that w(x)', € A(p,q).

Lemma 19 (see [10]).
Dy > 1, such that

Ifw € A,, then there exists a constant

w(2B) > D,w (B). (33)
We call D, the reverse doubling constant.

Theorem 20 (see [4]). Suppose that0 < « <n, 1 < p < n/a,
1/qg = 1/p —a/n, Q € L3(S*™") (s > 1) is homogeneous of
degree zero. Moreover, for 1 <i <k, |y| =m; — 1, m; > 2, and
DYA; € BMO(R"), if the index set {«, p,q, s} satisfies one of
the following conditions:

(a) s’ < pand w(x)s/ € A(p/s',q/s));

s' c A(ql/sl)pl/sl);

(c) a/n+l/s<1/p < 1/s’ andthereisr,1 < r < s/(nf)’,
such that w(x)r, € A(p,q).

(b) s > qand w(x)”

Then there is a C > 0, independent of f and A, such that

an |Tg;m’Akf (x)w (x)|q dx>1/q

k
H( > IDVAi||*> (34)
=1 |yl=m;—1

I/\

(], rwmeoras)”

Lemma 21 (see [15]). (a) (John-Nirenberg Lemma) Let 1 <
p < 00. Then b € BMO if and only if

P P
IQIJ b bo|? dx < C bl (35)
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(b) Assume b € BMO; then for cubes Q, C Q,,

|bQ1 - bazl <Clog (@) Ioll, - (36)
Qi
(c) If b € BMO, then
|byyor — byl < 2" (j + 1) bl . (37)

Theorem 22 (see [16]). Suppose that Q € L°(S"") (s >
1) is homogeneous of degree zero and satisfies the vanishing
condition js'ﬂ Q(x")do(x") = 0. Ifb € BMO(R"), then [b, Tg]
is bounded on Lf (w) if the index set {p, q, s} satisfies one of the
following conditions:

(a) s'sp<oo,p¢1andweAp/s,;

(b)l<p<sp# coandw'™? ¢ A s

(0l<p< 00 and w® €A,
Theorem 23 (see [2]). If Q € L™(S"") is homogeneous of

degree zero and satisfies the moment condition an-l 0Q(0)do =
0,weA,1l<p<oo, VA € BMO, then we have

|Tar

Lemma 24 (see [15]). The following are true:

iy S C19eo IVAL oy - (38)

(D) Ifw € A, for some 1 < p < oo, thenw € A,. More
precisely, for all A > 1 we have

w(AQ) < CA*w(Q). (39)

(2) Ifw € A, for some 1 < p < 00, then there exist C > 0
and 8 > 0 such that for any cube Q and a measurable
setS C Q,

wi®) 1Sy’ 40
w(Q)SC<IQI>' (40

Lemma 25 (see [17]). Letw € A,. Then the norm of BMO(w)
is equivalent to the norm of BMO(R"), where

BMO (w) = {b: 16l

1
= stépw Q JQ |b () — mq,, bl w (x) dx]» , (41)
1
maub= L b (x) w (x) dx.

3. Proofs of the Main Results

Before proving Theorem 8, we give a pointwise estimate of
TS’“ f(x) at first. Set

| (x - )]

Toesf (9= | o et [ Ol

(42)

O<a+pB<mn,

where Q € L5(S"™) (s > 1) is homogeneous of degree zero in
R". Then we have the following estimate.

Theorem 26. Ifa > 0,0 < a+f <n, D'A € Aﬁ (lyl =m-1),
then there exists a constant C independent of f such that

> ||DYA||AB>TQ,tx+ﬁf(x)- (43)

[yl=m-1

[Toaf ()| <C (

Proof. For fixed x € R", r > 0, let Q be a cube with center at
x and diameter 7. Denote Q;, = 2FQ and set

1
A=A - ) e (DTA)Y",  (44)

|yl=m-11"

|W}|1ere mgq, f is the average of f on Q. Then we have, when
yl=m-1,

D'Aq, (y) = D'A(y) - mq, (D"A), (45)

and it is proved in [1] that

R, (Ax,y) =R, (Ag;x.y). (46)
Hence,
[Toef ()]
<3y Lk_, _— lRm(ka;mx_’lyN 'Q(_’“‘,ZZ' lFOldy 4
e e S S N t (47)

By Lemma 15 we get

|Rm (AQk;x’ y)'
<R (Agsxy)]

+C Y DA (|- A"

[yl=m-1

1/1
- 1 I
<Clx—y"" Y (m Ly ID"Aq, (2)| dz)

[yl=m-1

+Clx - y|m_l Z |DVAQk (y)| }

[yl=m-1



Note that, if [x — y| < 2*r, then I? ¢ 51Q,. By Lemmas 16
and 17 we have, when |y| = m — 1,

] 1/1
(|Iy| J |D Aq, (z)| dz)

_(LJ
|| Jry

1/1
DY A (2) ~ mg, (DYA)|ldz)

x

1/1
< (Ilylj D" A (2) - myy (DVA)| dz) (49)
+ [myy (DY A) = my,q (DY A)|
+ s, (DYA) = mg, (D' A)]
<clQl|pra; <c(2F )ﬁ DY Al
<clal |pal;, = ¢ (2) [p7al,,
It is obvious that when |y| = m - 1,
|DVAQk (y)| = |DVA (y) —mq, (DYA)l

/n
<clQ.f ID Al (50)

<c (@) |pral,,.

Thus,
'Rm (AQk;x’y)l
m—1 k B y (51)
<Clx-y| (Zr) Z "DA”Aﬁ-
[yl=m-1
Therefore,
T<C Y DAl
|yl=m-1
(2)
o eI 0y
2 1r<|x—y|<2kr |x — yl
(52)

<C ) D],

[yl=m-1

Q(x -
' J ] 10Gy QL |f ()] dy.
2kl r<|x—y|<2kr |X — y|
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It follows that

T f ()] < i <C
k=—0c0

2rslr-yl<2tr |x — e ﬁ
r<|x— y|

<c ¥ [pa],

2. Py,

[pl=m—1

yl=m-1 (53)
\ |2 (x - )|
k:z—:oo JZk’lrS|x7y|<2k |x _ |n oc—ﬁ |f (y)l y
Q(x -
~c 3 ol [ 2 )y
lyl=m-1 |x =y
=C ) D"l Togpf ().
[yl=m-1
Thus, we finish the proof of Theorem 26. O

The following theorem is a key theorem in proving (18) of
Theorem 8.

Theorem 27. Under the same assumptions of Theorem 8,
Tsp is bounded from LP*(w?, w?) to LP*/P (),

Proof. Fix a ball B(x,, rg), we decompose f = f; + f, with
f1 = fxo5- Then we have

1 = q 1/q
(W L [Tawsf (] w! (x) dx)

1

_ Y
W <JB |T0,a+ﬁf1 (X)|q w? (x) dx) 1

(54)

1
+ S —
wi (B)K/P

=Ji +],.

(JB |T9,a+ﬂf2 (x)lq w! (x) dx>1/q

We estimate ] at first. By Remark 7(a) we know thatw? € A,.
Then by Theorem 18(a) and the fact that w? € A, we get,

1
wi (B)"/P

i < "TQ,oﬁﬁfl Li(w)

1 Fillirry

wt (B)“/P

C ([yorura)”

T wi (B)"/?

(55)

w? 2B)7
wl (B)'P

C|ll

<C|7l

LP*(wPwi) LP* (wP,wi) *
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Now we consider the term J,. By Holder’s inequality, we have

|2 (x - y)]

'TQ a+/§f2 (x)' Z J oy |f |

2/*1B\2/B | |

§ <ng (x=»)I dy)l/s

' 1/s' (56)
, J O dy
2*1B\2/B Ix _ yl(n—tx—ﬁ)s

=C (111121)

™8

I
—_

j

We will estimate I, I, ;, respectively. Let z = x — y; then for
x € B, y € 2/*'B, we have z € 2/*?B. Noticing that Q is
homogeneous of degree zero and Q) € L*(S""), then we have

1/s
I, = <Lj+23 0.2)f dz)
22y 1/s
:U [ oG dz'"ldr> 57)
0 Snl

2 11/s
= Cl|Ql sy [27* B

where z' = z/|z|. For x € B, y € (2B)", we have |x — y| ~
|xo — yI. Thus,

I <#<J 1F o) d )1/5 (58)
77 it p| P\ Ly )

By Hoélder’s inequality and w' e A(p/s',q/s"), we get

f 1/s'
(], o) ay)
2*1B
» 1/p
(L)H F O w ()’ dy)
’ ’ (P*S,)/PS,
([, w1 ay)
2/*1B
<C “f"LP’”(wl’,wq) wq (2j+lB
! ! (P*S,)/PSI
. <I , w(y)*PS [(p=s) dy)
2/*1B

i /
<C “f"LP"‘(wP,wq) w' (ZJHB)K g

|2J'+1B' (pq=s'q+s' p)/ pas’

)K/P (59)

wi (27+1B)"

7
Thus,
Towipf ()] = €Y (L)
j=1
N (60)
1
S CJZI “f”LP’K(wP)w'i) u)q(2]+l—B)l/q_K/P
So we get
SR (B)l/q—K/P
<C ||f||LP>"(wP,w'i) Z (61)

Sus (2j+1B)1/q—K/P ’

We know from Remark 7(a) and Lemma 19 that w? satisfies
inequality (33), so the above series converges since the reverse
doubling constant is larger than one. Hence,

]2 <C ”f"LPvK(wP,uﬂ) . (62)
Therefore, the proof of Theorem 27 is completed. O

Remark 28. It is worth noting that Theorem 27 is essentially
verifying the multilinear fractional operator T, , is bounded
on weighted Morrey spaces.

Now we are in the position of proving Theorem 8.

We will obtain (18) immediately in combination of Theo-
rems 26 and 27.

Then let us turn to prove (19).

Set

Touf ()

1. Jg(j—_yil R,y (s )] |f D]y, (6

0<a<mn,

where Q € LS(S"™) (s > 1) is homogeneous of degree zero in

R". It is easy to see inequality (18) also holds for Tg’“. On the
other hand, for any r > 0, we have

Toof (%)

[ e R S O

(64)
1

- rn—oc+m—1

] 10 G IR, (a5 ]S )y

Taking the supremum for » > 0 on the inequality above, we
get

Toof (X)2 MA_f(x). (65)

Thus, we can immediately obtain (19) from (65) and (18).



Similarly as before, we give the following theorem at first
before proving Theorem 9, since it plays an important role in
the proof of Theorem 9. Set

l|x |y)| |f ()| dy

where Q € LS(S"™) (s > 1) is homogeneous of degree zero in
R”.

Topf (x) = J (66)

Theorem 29. Under the assumptions of Theorem 9, TQ)B is
bounded from LP*(w?, w?) to LY (w1).

The proof of Theorem 29 can be treated as that of
Theorem 27 with only slight modifications; we omit its proof
here.

Now, let us prove Theorem 9. It is not difficult to see that
(20) can be easily obtained from Theorems 26 and 29. Then
we can immediately arrive at (21) from (65) and (20).

From now on, we are in the place of showing Theorem 10.
We prove (22) at first. Fixing any cube Q with center at x and

diameter r, denote Q = 2Q and set

Ag(y) = A() - 23%%wmw” (67)

lyl=m-11*

Noticing that equality (67) is the special case of equality (44)
when k = 1. Thus, equalities (45) and (46) also hold for

Ag(y). We decompose f as f = fxg + fxg: = fi + fo
Then we have

: (JQ|T6‘,“f(y)|qw(y)q dy>1/q

wi (Q)/?
1 A q q >1/L]
< — T, d
S w1 (Q)? (JQ| aafi ()’)' w Y (68)

1 A q q V4
+ 0 Q) <JQ ITaufo )] w (») d)’)

=1 +1I.

By Theorem 20(a) and Remark 7(a) that w? € A, we have

C
S S —
w? (Q)?
1/p
> Al ([Irorwer )
[yl=m-1
(69)
w'(Q))"
=C D'A I
3 I 70

<C Y D AL ey -

[yl=m-1
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Next, we consider the term T, f,(y) contained in II. By
Lemma 15 and equality (45), (46) we have

|T8,af2(y)|

SJ, 'R Q’y’ ||Q(y Z)Ilf )le

@ |y—z| ly—2|"
. 1/1
<C — DVA(t)ldt>
A (I
(70)

-2 LE g

| _ Zln_[x
+CJ7 Z |DYA(z)—m6(DVA)||Q(y—z)|
QF y1=m-1

S |f (ZFJ_“ dz = II, + I,
y—z

We estimate I1; and IL,, respectively. By Lemma 21(a) and (b),
Holder’s inequality, and w® € A(p/s’,q/s'), we get

1
m=Cc )y | J
|yl=m-1 ( I I;

15

1/1
D'A(t) - mg (DVA)jl dt>

3, a0l L

j=1 2/71Q\2/Q |y -

2

<C Z
l 1/1
j DA (£) = my: (DY) dt> + | (D7 4)
5

~ M (DY A)| + g, (D A) = gy (DY)

S(], o0-are)

j=1

s l/s’
, J @,
2"1Q\2/Q |y _ zl(n—ot)s

<C Y DA 19l
[yl=m-1

o) 2j+2Q 1s !
’ Z | 1-a/n

[27Q™

, 1/s
If @I dZ>

2j+1Q
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| J+2Q|1/5 For y € Q, z € (Q)°, we have |y — z| ~ |x — z|, so we obtain
<c Y |pal. Z Sl el
ey =20 2 I, < CZJ Y DYA(2) - myag (DA)]
‘w(2)? dz> HAVQ y Smo1 ¢
L\ 10 f @) M2
. (J . w (z)_PS /(p=s) dZ) | (y z | |y Zl z
77 (72)
<C ¥ D AL luseiurar . cz g 2 I (D7) ~mg (074)
lyl=m-1 PrZQ o
[ee]
W' |Q.(y—Z)| |f( )l dZ —1121 +1122
S (211Q) P ly -2
(71) By Holder’s inequality, we get
I, < CZ—(X LJ‘HQ Z |DYA (z) = myimq (DYA)| |Q(y - 2)| | f (2)| dz
|2]Q| - [yl=m-1
00 1 s 1/s
<) — (Jm Y DA - g (D' AN |f @ dz) (J,.. Jlo-=rd)
Jj=1 |21Q| lyl=m-1
J+2Q|1/s 1/s
< ClIQl g Z—“ <LMQ Y |DYA(2) - myq (D'A) | 2) dz> (73)
|21Q| yizm=t
Spal )
< C "Q”LS(S" 1 Z—(X <’Lj+lQ |f (Z)I w (Z) dZ)
"
(p=s))/ps
: <J Y DT AR) ~myag (DY AP w (2) P dz) .
Y QIyl m—1
We estimate the part containing the function D" A as follows:
(p=s)/ps
[ T I A@ =y (@A) w7 dz
2)+1Q |y|:m—1
, , (p=s)/ps
=C J 'DYA (Z) j+l -ps' /(p=s") (DYA)'PS 1o w (Z)_Ps /p=s) dz (74)
2]+1Q| St 2 Quw
o . (p—s')/ps’
£ Y Mg sien (DVA) = mymg (DY A)| w107 (277Q) T s 11 4 1v.

|yl=m-1

For the term III, since w' € A(p/s’,q/s"), we then have that the norm of BMO(w_PS// (» _5/)) is equivalent to the norm
w €Ay C emark 7(b). Thus, emma 25 o and w’ € s,q/s ), we have
P/P=) € A, c A, by Remark 7(b). Thus, by L f BMO(R") and w* € A(p/s',q/s"), we h
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I <C Z ID? A, w P 1e=s) (2j+1Q)(P—S )/ ps

[yl=m-1
| ]+1Q'(p s')/ps'+1/q
=C ) [p4]. 7
[yl=m-1 wil (ZJHQ)

For the term IV, by Lemma 21(a), there exist C;, C, > 0 such

that for any cube Q and s > 0,

lyl=m-1

< C, 2 Q| e G/ Taema 1AL,

since Zlylzm—l (DYA) € BMO. Then by Lemma 24(2), we have

[yl=m-1

w < <lt €2"'Q: ) |[DYA(t) - myaq (D' A)|

. }> < Cw(21Q) By 1P,

for some § > 0. Hence it implies

Z |m2f*1Q,w’PS'/<P*S'> (DVA) — Mhing (DYA)'
[pl=m—1

1
s DYA(t
w_psl/(p_sl) (2]+1Q) J2j+1Q |y|§n_1 | ( )

— My (DYA)| w PO (1) gt

- C J w1 ],
w —ps /(p s') (2]+1Q)

€2"'Q: ) [D'A(t) - myaq (D' A)|
[yl=m-1

C
>s¢ |ds< —
} > wps(p=s) (2741Q)

o .
. J' w P (271Q) Cesd/ e I g
0

=C ) [pal..

|yl=m-1
As a result,

IVv<C Z ”DYA“ —ps'[(p-s") (2j+1Q)(p—s )/ ps

lyl=m-1
| JHQ'P s’ )/ ps'+1/q
=C ) |D'4|, —7
lyl=m-1 ( 27t Q)

{t €2"'Q: ) |D'A(t) - myug(DVA)| > s}

Journal of Function Spaces
Thus,

(75) I <C Z "

[yl=m-1

*(wP,wl)

(80)

< 1

' Suwl (2j+1Q)1/q—K/p '

For the term II,,, by Lemma 21(c), Holder’s inequality, and
w' € A(p/s',q/s'), we get
(76)

1I,<C Z IDr A,
[yl=m-1

ZJJ (J/ z)| |f( )I

2/ Laud y-o

o0

<C Y DAL Q) )

(77) lyl=m-1 =i

[pq”

, 1/s'
g U@l e2)

<C ) |p'4], ZJ (81)

[yl=m—1

1/s

[

L, (p-s")/ps'
. (J w(z)—PS /(p=s) dz)
20*1Q

<C Y IP" AL ANt

lyl=m-1

1/
If @ w(z)” dz> !

2j+1Q

(78) -
2 q(21+1Q l/q «/p’

Hence,

.Té,ocfZ (y)| <C Z

[yl=m-1

LP* (wP wT)

(82)

S J
.j:1w‘1 (2j+1Q)1/f1—K/P'

Therefore,

II1<C Z

[yl=m-1

i wl (Q)l/q «/p
et q(2]+1Q l/q x/p

*(wP,wl)

(79)
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<C ) [pa]. ||f||mwpwq)z

lyl=m-1 ( {H)l/q Ky
<C Y ID AL oo
[yl=m-1

(83)

where D, > 1is the reverse doubling constant. Consequently,

1 (Jlm ()| w y)qdy>/q

wi (Q)MF

<C Y DAL it

[yl=m-1

(84)

Taking supremum over all cubes in R” on both sides of
the above inequality, we complete the proof of (22) of
Theorem 10.

It is not difficult to see that inequality (23) is easy to get
from (22) and (65).

Proof of Theorem 11. We consider (25) firstly. Let Q be the

same as in the proof of (22) and denote Q = 2Q; we

decompose f as f = fxg+ fx@< = fi + f,. Then we have

s A Tal 1

1
< —
w (Q)*?

1/p
I w(y) dy)

(Jmisorems)”

1

T @ <-[Q (A To] oD w(y) dy>1/P

=1 +1I.

([ morems)”

- |2j+2Q|1/s

o]
=C -
w (Q)/ ,Zl [2/Q]

| 2o

RTIEY
<2l

w(@Q?P

"f"LP"(w Z 1

w(Q)K/P w(ZJHQ)(l ©)/p

w(ZjHQ)K/‘D w /=) (Zj“Q)(P_S,)/PS, . <J |A (y)- Mot s - (A)| () dy)

11
By Theorem 22(a) and Lemma 24(1) that w € A,, we get
(@wu,dﬂhm
75 1AL Al 86
(Q) — o | Ulze (w) (86)
— K/p
w(Q)
For [[A, Tq] f,(y)], by Holder’s inequality, we obtain
2 (y-2)|
AT ——7= A -A
CRATICIED ) I e e AR
|f (2)]dz
00 1 1/s
<C - - d
) j=21|2JQ| (Llo' (v=2) Z)
1/s
(J ~JA( 2" |f (=) dz) < ClQll
2i1Q
0 '2]'*2Q s (87)
: ; |2]Qi 'A (y) 21+1Q,w7s’/<pﬂ’) (A)'

, 1/s'
Jv If @[ dz) +C Qs
2)+1Q

//

'2]+2 1/s

' Z [2qQ|

.|-2j+1Q |m2j”Q,w"’/(1”5/) (4)-A (Z)|
, 1/s'
S

f @) dz) =11, (y) + IL,.

Next we estimate II,(y) and II,, respectively. By Holder’s
inequality and w € A ¢, we have

/ 1/p

(JQ |A () - M i1 Qs 105" (A)|P (J;MQ |f (z)|S’ dz>P/S w(y) d)’)

(88)
1/p

1/p
P
(J, 140 =gt W wir)dy)
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We estimate the part containing m o p-sy (A) as follows:

ZjHQ,w

1/p
<J |A (7) = Myprge i) (A)| y)dy)

1/p
+ |mQ>w (4) - mzf“Q,w*S’/(pfs’) (A)| w (Q)l/p
=111+ 1V.

For the term I1I, notice that w € A »
Lemma 25 that

/s C Ao we thus get by

II < || A, w(Q)"?. (90)

Next we estimate IV. By Lemmas 21(c) and 25, we have

'mQ,w (4) - M i1 Q' 1to=) (A)'
< |mey, (A) = mg (A)| + [mg (A) — mying (A)]

1

+ |m2j+1Q (A) - M Q< 1) (A)' < m

. JQ |A () = mg (A)|w () dt + 2" (j + 1) | All,

(1)
.\ 1
w—s’/(p—s’) (2j+1Q)
J21+1 |A (t) m21+1Q (A)| - / P s (t) dt
<C(j+1)IAl..
Hence,
IV <C(j+1) Al w(@Q"*. (92)
As a result,

([ morems)”

& (1-x)/p
< CIAL [ lysng 3, G+ 1) —2 2 93)
j=1

w (2j+1Q)(1—K)/P

< CIAIL [ fll oy -

Journal of Function Spaces

For I, by Holder’s inequality and w € A /o, we get

I, < C Qs

00 '2]""2 Us

J; [2/Q] (LJ 1Q

' <~[zi+lQ 'mzj”Q,w’S'NP*s’) (A)-A (z)|

1/p
If @) w(z) dz)

ps'/(p-s")

0 (p=s)/ps
S S
w(2) " dz) <CIQI AL (o

]+2 1/s

' ||f||LP“(w) Z| |2]Q|

( ]+1Q)K/P

_ _ i (p—s")/ps'
w s’/(P ) (2]+1Q) p-s)/ps < C”A”* ”f"LP’K(w)

(o)
.lew(zl*'lQ (1-x)/p*

Therefore,

1 » 1/p
2 Q) (JQ ILw(y) dy)

w (QU /P (95)
J+1Q)(1 ©)/p

< CIAIL | fll pew) Z

< CIAIL |l cw) -

So far, we have completed the proof of (25). O

Inequality (26) can be immediately obtained from (65)
and (25).

Proof of Theorem 12. As before, we prove (27) at first. Assume

Q to be the same as in the proof of (22), denote Q =2Q, and
set

Ag(y) = A(y) -mg(VA) y. (96)

We also decompose f according to Q : f = xa+ Xy =
f1+ f,- Then we get

1

(ol wos)”

1
w(Q)/?

+ @ <JQ ’Téfz (;V)|Pw

=1+1I.

([Fan ) wina)”

() dy>1/p

(97)
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For I, Theorem 23 and Lemma 24(1) imply
1

< -

w(Q*
C

S —_—

w(Q*

~A
T
” afi L (w)

190 IVAIL | i ”LP(w)

w(@™
w (Q)*?

< CIVAL | f oy -

(98)

< CIVAIL | fllpewy

We will omit the proof for IT since it is similar to and even
easier than the part of II in the proof of (22), except that we
use the conditionsw € A,, Q € L"), m =2,and f €
LP*(w). For inequality (28), it can be easily proved by (27)
and (65). Thus, we complete the proof of Theorem 12. O
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We introduce a new method (or technique), asymptotic contractive method, to verify uniform asymptotic compactness of a family of
processes. After that, the existence and the structure of a compact uniform attractor for the nonautonomous nonclassical diffusion
equation with fading memory are proved under the following conditions: the nonlinearity f satisfies the polynomial growth of
arbitrary order and the time-dependent forcing term g is only translation-bounded in L} _(R; L*(Q))).

1. Introduction

In this paper, we consider dynamical behavior of solutions
for the following nonclassical diffusion equation with a fading
memory term:

uta)—Auta)—Au(ﬂ-—ﬁ:ak@)Au(t—s)ds o

+fu®)=g(), in Qx(r,00).

The problem is supplemented with the boundary condition,
u(x,t)lzn =0, VteR, 2)

and initial condition,
u(x,t)=u,(xt), t<r, (3)

where Q is a bounded smooth domain in R"” and g(¢) is a
given external time-dependent forcing.

Concerning the memory kernel p(s) = —Kk'(s),as in [1-6],
we assume the following hypotheses:

pueC (RHNL'(RY),

, (4)
p(s) =0, u (s)<0VseR",
and there is a constant § > 0, such that
W (s)+0u(s) <0 VseR". (5)

loc

From (4) and (5), we get

p(oo) = lim u(s) =0. (6)
We also denote
my = J u(s)ds < co. (7)
0

As Wang and Zhong [5], we introduce the past history of
u, that is,

N

11t =11t(x,s) ==I u(x,t —r)dr,

0

seRY, (8)

as a new variable of the system, which will be ruled by a
supplementary equation. Denote

= 2o
ot
)
t_ 2 t
T’]S asn >
and (1) transforms into the following system:
w(ﬂ——AutU)—Au(O——J u(s) Ay’ (s) ds
0
Hf @) =g, (10)

t t
=1, +tu
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with initial-boundary conditions

u(x,t)zq =0,

”t (x, S)|anR+ =0,

u(x17)=u,(x1), x€Q,

S
1" =n"(x,s) =J u, (x,7-r)dr,
0

(x,5) e QxR

The past history u,(tr — s) of the variable u satisfies the
condition as follows: there exist positive constants R and
0 < 8 (from (5)), such that

ro ¢ u, (v - 9| ds < R. 12)
0

The nonlinearity f € &" fulfills £(0) = 0, along with ar-
bitrary order polynomial growth restriction

" Is|? — Bi<f(s)s<y, Is|? + By P22, (13)

and the dissipation condition

£ (s) = -, (14)

where y;, B; (i = 1,2) and [ are positive constants.

This equation appears as an extension of the usual non-
classical diffusion equation in fluid mechanics, solid mechan-
ics, and heat conduction theory (see [7-10]). Equation (1)
with a one-time derivative appearing in the highest order
term is called pseudoparabolic or Sobolev-Galpern equations
[11-13]. Aifantis [7] proposed a general frame for establishing
the equations. For certain classes of materials such as polymer
and high-viscosity liquids, the diffusive process is nontrivially
influenced by the past history of u, which is represented in
(1) by the convolution term against a suitable memory kernel
characterizing the diffusive species [14].

Proving the existence of uniform attractors for (1) may be
a hard task, mainly due to the fact that the nonlinearity satis-
fies arbitrary polynomial growth condition instead of critical,
so Sobolev compact embedding theorems are no longer
useful. The asymptotic compactness of solutions cannot be
obtained by the usual method (used, e.g., in [2, 5, 6, 15, 16]).

When y is a Dirac measure at some fixed time instant
or when it vanishes, (1) reduces to the usual nonclassical
diffusion equation, which has been investigated extensively
by many authors, especially about the asymptotic behavior of
solutions; see, for example, [16-22] and the references therein.
In [21], the author has proved the existence of global attractor
in Hé(Q), when g(x) € L*(Q) under the assumptions that
f satisfies critical exponent growth condition corresponding
to N = 3 and some additional condition for nonlinearity,
which essentially requires that the nonlinearity is subcritical.
Recently, the authors in [23] obtained the existence of a global
attractor for g(x) € H Q) only under critical nonlin-
earity, and when g(x,t) € Li(IR,LZ(Q)), they proved the
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asymptotic regularity and the existence of (nonautonomous)
exponential attractor. The asymptotic behavior of solutions of
this equation has received considerably less attention in the
literature under the assumption that the nonlinearity satisfies
arbitrary polynomial growth condition. In the ordinary case
for some recent results on this equations the reader can refer
to Sun et al. [24] and Anh and Toan [25, 26]. Hereafter in
[23] the authors mention that these are some mistakes in the
coauthor’s earlier paper [24]. In [25], they proved that the
nonautonomous dynamical system generated by this class of
solutions has a pullback attractor. In [27], they proved the
existence of global attractor in H Y(RY) with the initial data
uy € H*(RY) and g € L*(RM).

For convenience, hereafter let |u| be the modular (or
absolute value) of 1 and let |- |, be the norm of L?(Q) (p > 1).
Let || - [l, = [V - |, be the norm of 7. Denote by H™(Q) the
dual space of Hé(Q) and let || - || -1 be the norm of H Q).

C denotes any positive constant which may be different
from line to line even in the same line.

Let Li(IRJ';W) be the Hilbert spaces of functions ¢ :
R"™ — 7, endowed with the inner product and norm,
respectively. Consider

@V = | 8O POy )y ds

- (15)
lolls = | r©lo @l as.
We also define the product space ./, :
My =V x L (R7), (16)

endowed with the norm

P (O P (R R O B

For convenience, we first show the preliminary result as
follows.

Lemma 1 (see [5]). Let I = [0,T], VI' > 0 and let the
memory kernel u(s) satisfy (4) and (5). Then for any ' €
C(I; Ly, (R*; 7)) the following estimate

oty = Sl s)

holds, where § is from (5).

For the time-dependent forcing g(x,t), we assume the
following hypotheses:

g € qu,loc (R’ L2 (Q)) . (19)
Here L?UJOC(IR;LZ(Q)) is the space Li)c(lR;L2 (Q)) under the

local weak convergence topology. Recall that a sequence {g,}
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converges to g as 1 — 00 in qu,loc(lR;Lz(Q)) if and only
if

lim Jtz J v(x,5) (g, (x,8) — g (x,5))ds =0 (20)
, Ja

n—00 t

for all [t,,t,] ¢ R and every v € L%(t,, t,; L*(Q)) holds.
Let g, € Li(IR;L2 (Q)) (translation-bounded in qu’loc(R;
L*(Q))), and introduce a set of functions obtained by time-

translation in gj:
o ={go(x.t +h) :heR}. (21)

We define the hull of g, denoted as X = #(g,), as the closure
of £, with respect to the local weak convergence topology of
L} (R;LX(Q)).If g € T = H(gy), then g € L},(R; L*(Q));

that is,
5 t+1 2
lolly =swp [ lg@fds<oo. @2
b ter Jt

where || - IILzb means the norm of Li(R; L*(Q).

Let {U,(t, 1)}, 0 € %, be a family of processes acting in a
Banach space X with symbol space Z; then for any o €

U, (t,s) o U, (s,7) = U, (t, 1),
(23)
foranyt>s>71, T€R,
U, (1,7) = Id (identity), for any T € R.  (24)
The operators {H(s)}., are the translation semigroup on X;
a family of processes {U,(t,7)}, 0 € %, is called to satisfy the
translation identity if

U, (t+5,5+T) =Up, (£1),
(25)
foranyoeZ, t>1, TeR, s>0,

H(s)2=2%, foranys=>0. (26)

We recall (e.g., see [28]) also that the kernel # of the
process U(t, T) consists of all bounded complete trajectories
of the process; that is,

F={u(): lu®lx <C, u)=UEt1)u(r), Vt
(27)
>1, TR}

and F(s) = {u(s) : u(-) € H} c X is denoted by the kernel
section at a time moment s € R.

It is well-known that the key point is to obtain certain
asymptotic compactness for the solution operator in the
study of the long time behavior, especially for attractors. The
nonlinearity having an arbitrary polynomial growth brings a
difficulty here even for the autonomous and without memory
case; see, for example, [22, 24, 27]. The main contribution of
this paper is to extend the method in [15, 22] to overcome
the difficulty caused by a lack of Sobolev compact embedding
theorems. The conception, asymptotic contractive function,
and new a priori estimates for verifying uniform asymptotic

compactness of the family of processes are devised. We also
prove some weak continuity for the family of processes and
then obtain the structure of the compact uniform attractors.

The main results of this paper are given expression to in
the following two theorems, which will be proved in Sections
2 and 3, respectively.

Theorem 2. Let X be a Banach space and let {U,(t, 1)}, 0 €
%, be a family of processes on X. Assume further that g, €
L3 (R; L*(Q) and X is the hull of gy in L% ;, (R; L*(QY)). Then

{U,(t,7)}, 0 € %, has a uniform attractor in X provided that
the following conditions hold true:

(i) {U,(t, 1)}, 0 € %, has a bounded absorbing set B, in
X.

(ii) For any € > 0, there exist T = T(By,€) > 0 and an
asymptotic contractive function y on By x B, such that

"Ugl (T,7)x - U,, (T,7) y“X <e+yr(x,y,0,0,), 2%

Vx,y € By, 01,0, €2,

where yr depend on T.

Theorem 3 (uniform attractor). Let Q be a bounded domain
in R" with smooth boundary, and y and f satisfy (4)-(6) and
(13)-(14), respectively. Assume further that g, € Li(IR; L2(Q))
and X is the hull of g, in qu,lac(R; L*(Q)). Then the family of
processes {U,(t,T)}, 0 € Z, corresponding to (10)-(11), has a
compact uniform (with respect to ¢ € X) attractor of in M.
Moreover, this attractor can be decomposed as follows:

o = %, 0, (29)

o€eX

where K , is the kernel of the process U, and F ,(0) is the kernel
section at time 0.

This theorem gives the existence of the uniform attractor
and its structure as the union of the kernel sections (see [29])
of the nonautonomous process.

It is worth noting that Theorem 3 is also interesting in
the autonomous case (see, e.g., [5]) or in the unbounded
domain case (see, e.g., [22, 23]). This is the basis for further
considering the asymptotic behavior, such as, to construct
the nonautonomous (pullback) exponential attractor [2, 25].
On the other hand, from Theorem 16, the existence of
the uniform attractor is obtained directly. However, since
the external forcing term g(x,t) is only assumed to be
translation-bounded, consequently the symbol space is only
weak compact with respect to the local weak convergence
topology. So, in order to obtain the structure equality (29),
we need to verify some weak continuity for the family of
processes, which is different from the usual strong continuity.
This may be the reason why some authors (e.g., see [1]) have
to assume further that the external forcing term g(x,t) is
translation-compact.



2. Preliminaries

Definition 4 (see [15]). Let X be a Banach space, B be a
bounded subset of X and X be a symbol (or parameter) space.
We call a function ¢(-, -, -, -), defined on (X x X)x(2xX), tobea
contractive function on Bx B, if, for any sequence {x,} >, C B,
andany {0,,};?, C 2, thereisasubsequence {x,, };°, C {x,};2,
and {onk}zil C {o,};2, respectively, such that

lim lim¢ (xnk,xnl,ank,anl) =0. (30)

k—o00 I—00

Definition 5. Let X be a Banach space and let B be a bounded
subset of X and let 2 be a symbol (or parameter) space. We
call a function y(-,, -, -), defined on (X x X) x (£ x %), to be
an asymptotic contractive function on B x B, if for any ¢ > 0
and x; € B,o; € X (i = 1,2), there is a contractive function ¢
on B x B such that

v (X1, %5,01,0,) <€+ ¢ (x,%,,01,0). (31)

We denote the set of all asymptotic contractive functions
on B x Bby €(B,%).

In the following theorem, we present a new method (or
technical) to verify the asymptotic compactness for the family
of processes generated by evolutionary equations, which will
be used in our later discussion.

Theorem 6. Let (X, |-||x) be a Banach space; {U,.(t, 1)}, 0 € Z,
is a family of processes on X. Assume further that the following
conditions hold true:

(i) {U,(t, 1)}, 0 € 2, has a bounded absorbing set B, in X.

(ii) For any € > 0 and x,y € By, 0,0, € Z, there exist
T =T(By,€) > 0 and y € €(B,, Z) such that

|V, (1) x = U, (L0 y|, <&+ 9 (%, 3,00,05) . (32)

Then {U,(t,7)}, 0 € X, is uniform (with respect to 0 € %)
asymptotically compact in X, where y depend on T.

Proof. Foranyt € R, we assume that B is any bounded subset
of X, and {x,},2, ¢ B,o, € Land t, > 7 satisfy t, — +00
as n — 00. It is enough to show that, from the assumptions,
there is N > 0 such that U (ty, T)x € Byand t, >t — 7 for
each n > N large enough and x € B and furthermore that

Ua (tn’ T) X = Ua (tn’ tN) ° Ua (tN’ T) x

(33)
=U, (tn’ tN) y=Uy (t;’ T) Vs

where y = U,(ty,T)x € By, t, = t, —ty+7 > 0and o’ =
H(ty — 7)o € Z. So we only need to consider the case as
{x,}52, € By.
In the following, the existence of a Cauchy subsequence
of {U, (t,, 7)x,}02, is proved by the diagonal method.
Take ¢,, > 0 with ¢,, — 0asm — oo.
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At first, for &, by the assumptions, there exist T} = T (¢;)
and v, € €(By, Z) such that

|06, (T 7) x - U, (T1,7) ¥
&ty (x, y,0,,0,) (34)

for any x, y € By, 0,0, € X.

Sincet,, — +00, for some T fixed we assume thatt,, > T,
is so large that U, (¢, — T} + 7, 7)x,, € B for eachn > N and
g, € 2.

Let y, = Uy, (t, = T} + 7,7)x,; then from (23)-(26) we
have

“Ugn (t7) X = Uy (ty7) xm"X
=|u,, tptu-Ti +7) U, (t,- T, +7,7)x,
~U, (tyt,, =T, +7) (35)
U, (ty - Ty +7,7) x| = |Us, (T1,7) ,

- U(rm (Tl’ T) ym"X sg+ l//Tl (yn’ Yo Gn’am) >
where o, = H(t,, — T})g,.

Due to the definition of €(B,, X) and yr, € €(By, 2), we
know that, for ¢, from (35), there is a contractive function ¢
on By x B, and {(y,,0,)},-, has a subsequence {(y,gi) a,(qi))},‘(’il
such that one gets the following estimation:

o @ (1) (1)
1//T1 (ynk ’ynl ’Unk ’Gn, )

n 1 1) (1) (36)
D1 (1
=g +¢Tl (ynk ’ynl ’Gnk ’Unl )’
. . @ (1) ()Y _
klggo lll>I(r>lo¢T1 (ynk ’y"l ’G”k ’Gﬂz ) =0. (37)
And similar to [15, 22, 30], we have
lim sup |U (t(l) ,T) P t(l),r K
k—00 Peg Ui‘}c)ﬂu Mietp Mt p 05‘2 ( "k ) ™l x
. : ) ) (1)
<
< fim supim s U (6),)-5,
(1) (1)
- Ua,(l}) (tnz T) X x
+lim sup lim sup 'anm (tfll) 1—) xil)
k—o00 I—00 "k * *
0] (1) 38
— Ug’(;) (tnl T) X, . <g (38)

+ 1 li ( m o 0 (1))Jr
ki»ngo i‘:g ZLIBOWTI ynk+p yn, Gnk+P Gn, &

. . n @ 1) _(1)
* I}Ln;o llir(lylov/Tl (y”k Y > Oy > O, ) <48

+ i li ( (1)) . (1), (1>)
Jim ;‘;g B by Vi, o> O 2 O

. . n @ 1) _(1)
+ lim liméy, (3,50, 0,")

—
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which, combined with (35) and (37), implies that

(1) (1) ) (1)
Um (t w,‘r)x U( (n,‘r)x

lim su
p Omerp \ Tk Me+p i

k—00 peN

X (39)

< 5¢;.

Therefore, there is K, such that

[0, (10, 7) £~ g0 (19, 7)

O'nl

< 6g
x (40)
Vk,I> K.

By induction, we obtain that, for each m > 1, there is a sub-
(m+1) (m+1)y00 (m) (m)y 00
sequence {Uaﬁ':*”(tnk , T)xnk et Of{Uaf,:')(tnk ,T)xnk Feey

and certain K,,,,; such that

(m+1)

(tflerl)’ T) XZ:HI) _ Uo,(m+1) (thJrl)) T) x

ny m

X (4

< 68m+1

holds for all k,I > K, ;. Now, we consider the diago-

m
nal subsequence {U, (k)(t(k) 1')x(k)}2°1 Since, for each m €

N, {U, (k>(t(k),r)x(k }k1 is a subsequence of {U, (m)(t
(m)}

‘r)xnk

o> then

ok ( e ,T) (i) U6£§> (tﬁl),‘r) xle,) .

Vk,l > max {m,K,,},

< 6¢,,

(42)

which, combined with ¢,
{u (k)(t(k),r)x(k)},fol is a Cauchy sequence in X. This shows

— 0asm — oo, implies that

that {U (t,, T)x,, }2, is precompact in X. Then the proof is
complete O

Proof of Theorem 2. From Theorem 6, the family of processes
{U,(t,7)}, 0 € Z, on X satisfy the following conditions:

(i) {U,(t,7)}, 0 € Z, has a bounded absorbing set B in
X
(i) {U,(t, 1)}, 0 € Z, is asymp
(iii) totically compact in X.

Then {U,(t, 1)}, 0 € %, has a uniform attractor in X. O

Lemma 7 (see [31]). Let X € H C Y be Banach spaces, with
X reflexive. Suppose that u,, is a sequence that is uniformly
bounded in L*(0, T; X) and du,/dt is uniformly bounded in
LP(0,T;Y), for some p > 1. Then there is a subsequence of u,,
that converges strongly in L*(0, T; H).

3. Uniform Attractors in H, (Q) x Li([RJr; H,(Q))

3.1. A Priori Estimates. We start with the following general
existence and uniqueness of solutions for the nonclassical dif-
fusion equations with fading memory which can be obtained
by the Galerkin approximation methods; here we formulate
only the results.

Lemma 8. Assume that g, € L;(R; L*(Q)) and g € £ and f
satisfies (13)-(14). Then, for any initial data z, € M, and any
T > 0, there exists a unique solution z = (u,1') for problem
(10)-(11). Moreover, we have the following Lipschitz continuity:
forany (z.,g;) (2. € M,, g; € Z), denote by z; (i = 1,2) the
corresponding solutions of (10); then forallt <t <T +T

o0 -2 0, < (|24, |22 - T)

where Q(-) is a monotonically increasing function.

2
i“%l +g1 - 92“2@)’

By Lemma 8, we can define a process U,(t,7) in ., as
the following:

Uy (t,7) : Ro xlly — My,

2= (upn) — z(t) = (u(®),n') (44)

= Ug t, 1)z,

and {Ug(t, T)}, g € Z, is a family of processes on .. See [5]
for more details.

Lemma 9. Let (13)-(14) hold, and g € X. Then there exists
a positive py, which depends only on | g|| 7 such that, for any

bounded subset B C M+, there is Ty = T, (|| Bl //ll) such that

o, @0z, <o )

forallt—t>T,and all z, € B.

Proof. Multiplying (10) by u and then integrating over €, it
follows that

;jt (|U|2 + "u“() + “11 " 7) + ||L£||0 + <17 11$>;47

+(f W), u) = (gu).

Observe that

(46)

(f (u),u) = Lf(u)u >y |u|§ — Bymes (Q). (47)

Using Lemma 1, we have

GRS ] oy (48)
Using the Holder inequality, combining with (47) and
(48), then (46) can be reformulated as follows:

o (e + L, )+ ; g+ S,
(49)

£ [l < Bimes (Q) + o5 Mz l9lz.-



According to Poincaré inequality, we get

1d 2 2 £112 /\1 5 1 3
5 3z (1l 0l + o, ) + 5 1+ ol

1 C G0
+ 5 “r/t"i’cy + |u|§ < 5 (1 + |g|§)
Let « = min(A, /2, 1/2, §); again, we have
d 2
(2 + 1t + 1) .

wa(july + July + [ ) < € (1 +1gl3)-

Using the Gronwall Lemma, it follows from (51) that
2 2 {2
uly + bl + [,
<& (s + o+ T Es) G2
+C(1+9l3;)-

We know that || gllizb is bounded, and by (12) and (6)

+00
W =] s ©l;ds

+00 s X
< JO L u(s) |u, (=), drds o

+00 +00 5
< J dr J e |, (x = 1), ds
0 r

1

+00
<< I e |u, (r - 5)|5 ds < 57'R.
8 Jo

S0 llz.%, = lul3 + lullg + 17711 o is bounded.
Forany t =7 > Ty = (1/@)In(lz,I%, /C(1 + 1gI)), we
infer from (52) that

2 2
@+ e @1+ o], <2¢(1+1gllz). G4
Foranyt — 7 > T, we get

2
@l + e @l + '] < po- (55)

where p, = 2C(1 + ||g||izb). Then we get
By ={z = (urn) e, 2I’) <p}. (56)
The proof is complete. O

Combining with (43), we know that, forany 7 € R, U,
maps the bounded set of .#, into a bounded set for all t > T
that is as follows.
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Corollary 10. Let (13)-(14) hold, and g € X. Then, for any
bounded (in M) subset B, there is My = M(IIBII%I, IIgIILi)
such that

vy 0=, <M )

forallt >t and all z, € B.

Lemma 11. Let (13)-(14) hold, and g € X. Then, for any
bounded (in M) subset B, there exists a positive constant
C = C(a, y;> po)s such that

t+1 2
|| meas<c(i+lgl;).
(58)

t+1 ) 2
L e ()1, ds < C 1+ gl )
hold for any t — T > T, (from Lemma 9).

Proof. Combining with (49), let « = min(4,/2,1/2,9); it
follows that

% (|u|§ + ull; + "’lt”i%)

S (TR I T W EE T

<2C(1+ |g|§)

For any t — 7 > T (from Lemma 9) and integrating the
inequality above from ¢ to ¢ + 1, we can get

t+1

t+1
ocJ- ||z(s)||3%1 ds+2y1J- |u(s)|§ds
t t (60)

<z O, +2C (1+gl;)-

By Lemma 9, we have

t+1 2 t+1
(xJ- Iz (), ds + 21, J- |u(s)|§ds
t t (61)

< +20(1+ |gliz).

Setting &, = min(«, 2y, ), then

t+1
1
|| 1z, ds < - (o +20 (14 ]gliy)).
0
(6

fﬂm@g%s$0ww00+wﬁﬁ-

Let C = C(et, ¥, py) = (1/0g)(py + 2C); then we have that

t+1 ) B
J Iz ()1, ds < C(1+]gl3: ).
t (63)

t+1 . 5
J; |u(s)|P ds < C(l + "g“L?)

hold for any t — 7 > Tj,. O
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Let F(s) =
positive constants 3, B,, J,» 7,» such that

_[ f(v)dv; from assumption (3), there are

7, Isl” = B, < F(s) <7, IsI” + B, (64)

Lemma 12. There is a positive constant p,, for any z,
(u,,n") € By (from Lemma 9); the following estimate

lu )1 < py (65)
holds for anyt — T > 1.

Proof. Multiplying (10) by u, and then integrating in Q, we
get

d
e OF + i O + 5 (S0 + | P))

+00 (66)
= L p(s) <Ar]t (s),u (t)> ds+(g(t),u, ().

By the Holder inequality and the Young inequality, we have

Lm u(s) (A (), (1)) ds
= L He "rlt (5)"0 e (®)]] s

m() J‘+OO
<=t w
2 Jo

) @ ds

(67)
1 +00
+ Z_mO ||ut (t)“g L u(s)ds
m
<70t OO
< —||z<t I, + 5 Ilut Gl
here m, is from (7). And
1 1
(9@, ®) < 5lgOf + 5 lw @ ©8)
Let
1 2
E® =5 lu@l+ | Fuw). (69)
Q
Then
E |u, ()5 + E e, 2 + AEw
2 2 T R0 gy
. (70)
< 22O, + 5 |9 O
So we get the following inequality:
d 1
ZE®) < 22 12O, + 519 ©f- (71)

Integrating the inequality above to ¢ from s (t < s <t +1) to
t + 1, we have

m t+1
E(t+1)<E(s)+ 7°J ||z(s)||/” ds+ = ||g||L2 . (72)
t

and integrating (72) to s fromt to t + 1,

t+1 t+1

Esns Iz (5)IPy, ds

t

E(s)ds+% J;

(73)
1 2
e Ll

Besides, by the Holder inequality, Young inequality, and
(13), we can infer from (69) that

E() < 3 R+ 7, 14 @)} + Fymes ()

: (74)
<3l (I, + 7, [u(s)I5 + Bymes ().
On the contrary,
1 , ,
E(t+1) > 3 llue (£ + Dllg + 7y Ju (£ + DI
- Blmes (Q) (75)
=7 lu(t+ 1)IF - B mes (Q).
Combining (73) and (74), we have
1 t+1
E(r1)s 0 J Iz (5)IP,, ds
t
t+1
- Ly 2 (76)
p —
o7, | W@l ds+ 3ol
+ Bzmes Q).
By Lemma 11, it follows from (76) that
L+my _ 2 L, 2
Eer<C(=543,) (1+ ol ) + 5 Dol -
+ Bzmes (Q),
and by (75)-(77), we have
1 1+m _
e Dl < = ((F57 +3,) (1 + 1ol
1
(78)
1y 2 5
+3 ol + (B + Bu) mes (@)
Let
1 1+m, _ 2 1 2
p= (720 m)c(1+laliy) + 5 el
1
(79)
+ (~1 + ﬁz) mes (Q)) .
Then the proof is complete. O



Lemma 13 (bounded uniformly absorbing set). Let (13)-(14)
hold, and g € X. Then there exist positive py, p;, which depend
only on | gl IoE such that, for any bounded (in M ) subset B,

there is Ty = T1(||B||/,Zl) =T, + 1 such that

CACLEY PRT®

lu @b < py
hold for allt — v > T, and all z_ € B.

For brevity, in the sequel, let B, be the bounded absorbing
set obtained in Lemmas 9 and 12; that is,

B, = {z = (u, qt) €M, : ||z||i”l < Pos |u|§ < pl}. (81)

Lemma 14. There is a positive constant p,, for any z, =
(u.,n") € By (from (81)); the following estimate

t+1
[ (@R OR)ds<p @

holds for anyt — T > 0.

Proof. By Lemma 12, for any t — 7 > 0, we integrate (70) to ¢
from t to t + 1; then we have

t+1
EU+1)+J (Ju OF + Ju ()2 ds < Bty (83)

According to Lemma 13, Corollary 10, and Lemma 12, we
know that E(t) is bounded for any t — 7 > 0, so there is a
positive constant p,, and the conclusion is true. O

3.2. Uniform Attractors. In the following, we will prove the
existence of uniform attractors for system (10) with initial-
boundary conditions (11) in .#, by using the method of
asymptotic contractive function.

Lemma 15. Let f satisfy (13)-(14); z,,(t) = (u,(t), ™) is the
sequence of solutions of (10) with initial data z,, = (U, ") €
Byand g, € X (n = 1,2,...); then there is a subsequence u,,

of u,(t) that converges strongly in L*(0,T; L*(Q))) and

lim lim IT JQ ( Gn, (%9) = Gy, (%, s))

k—o00 j—00 Jo

(84)
. (unk (x,8) — Uy, (x, s)) ds=0.

Proof. By Lemmas 13 and 14, the sequence u, is uni-
formly bounded in L*(0,T; Hé(Q)) and du,,/dt is uniformly
bounded in L*(0,T; H ' (Q)). Since H,(Q) is reflexive, is
L*(0,T; Hy(Q)). Let X = Hy(Q), H = L*(Q), and Y =
H™'(Q); then there is a subsequence unk(t) of {u,(t)} that
converges strongly in L*(0, T; L*(Q2)) by Lemma 7. One can
write these as

T 2
lim lim J- J u, (x,s)—u, (x,s)| ds=0. (85)
k—oo jooo Jo Jo ! % j
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Then by using Hélder inequality, we have

lim lim JT L (gnk (%,5) = gy, (%, s))

k—o0 j—00 Jo

. (unk (x,8) — Uy, (x, s)) ds

T 2 1/2
< lim lim <j J G, (%,8) = g,,. (x,s)' ds)
k—00 j—00 0o Jo k 7 (86)
T 2 1/2
. (j J Uy, (x,8) = Uy, (x, s)| ds) <2T ||g||Lz
0o Ja b
T 5 1/2
- lim lim (J J u, (x,s)—u, (x,s)' ds>
k—oo jooo \ Jo Jo !l * i
=0.
O

Theorem 16. Let Q be a bounded domain in R* with smooth
boundary, and let y and f satisfy (4)-(5) and (13)-(14),
respectively. Assume further that g, € Lj(R; L*(Q)) and X is
the hull of g, in Li)lOC(R; L*(Q)).{U,(t,7)}, 0 € %, is the family
of processes generated by the solutions of (10) with initial data
z, € M. Then {Uy(t, 1)}, 0 € Z, is uniformly (with respect to
0 € X) asymptotic compact in M.

Proof. For any z. = (u',n}) € Byand g' € %, let z,(t) =
(W' (1), r]f) be the corresponding solution with respect to initial
data zi (i =1,2)and gi € Z; that is, z;(¢) is the solution of
(10) with initial-boundary conditions (11).

For convenience, we denote w(t) = u'(t) - u?(t) and & =
1, — 15 then w(t) satisfies the following equation:

w, (t) — Aw, (t) — Aw () — L 1 (s) AE (s) ds

+ f () = f (1, (D) = g, () = g5 (£) (87)
& =& +w,

with initial-boundary conditions

wlan =0,
Et (x, S)|anR+ =0, t>r,
1 2
wx1)=w, (x)=u, (x)-u>(x), xeQ, (88)

ET (x) S) = ’7'11' (x$ S) - ’7'11' (x’ S) >
(x,5) € Qx R*.
Multiplying (87) by w(t) and integrating in (), we obtain

1d

2o (10 + ol + &7, ) + ol

+(§6),806),,
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o[ ) = £ () - )
= J;) (91 () = g2 (1)) (uy —115).
(89)

By Lemma 1 and assumption (14), we have

68O, 2 2 JL,
(90)

[, OF ()= ) 0 =) 2 1ol
Using the Poincaré inequality, it follows that

1d

L9 (o2t [, )+ 20 ol + L

é
31l oy

<lof + L (91 () - g, (©) (ot — 1)

Let o = min(A4, 1, §); then we get

9 (1ol + 1t + € )
+o(1wh + ol + [ ,) (92)

<2lu, - u2|§ +2 JQ (910 =g, ) (uy —1y).

By the Gronwall Lemma, we have

2 —o(t—
0 8+l + [E] = (forf e
t
)+ 2 [ 9 -, 9 ds
' (93)

t
r2] e jQ (4, (5) - 9 9))

(uy (s) —uy (5)) ds.

For any € > 0, there exists T, = T,(e) = max(T},(1/g)
In(e/l1z,I%, )) > Ty, such that

0 ®OF +lo®I + [E], < e+ v (94)

holds for any t > T,; here

t
Ve = v, (g, 1y, 915 95) = ZZJ e ot |”1 (s)

T

- u, (S)E ds+2 J e e L (g, () — g, (9) (93)

T

(1 () — uy (s)) ds.

Hereafter, we verify that there is T > T, such that v is an
asymptotic contractive function on B,. In fact

t
ve=21 [ Uy 9 -y 9 ds

t
v2| e jﬂ (91 ()~ 9 9))

T
()= () ds <2 [ ey (9)

-u, (5)|§ ds

T
2] (0,9-0,0)

T

t

(uy (s) —uy (s)) ds + 21 J e o9 |uy (s)

T
- u, (s)|§ ds
t
v2 j [ (069-50)
“(uy (s) —uy () ds (96)

Tl
< e et <2lJ |u1 (s) —u, (s)|§ ds
T

Tl
+2 J L (91 () = 92 (9)) (1) () =1 (5)) ds)

T

! 2
+21 JT |u1 (s) —u, (s)l2 ds

t

#2] | (6,9-0.0) (0 - () ds
T, Ja

<2Tye W (@ + 1) My + g} )

T,
+ZZJ |ty (s+T1)—u2(s+T1)|§ds
0

2 j | @ G+T)- a5+ 1)

(u; (s+T)) —uy (s+Ty))ds,

where Mj is from Corollary 10. Let

=T,
@, =21 L |v1 (s) —v, (s)|§ ds

. (97)
=T,

+2 JO L (0, () = 05(5)) (v, () = v, (5)) ds,
where v,(s) = u;(s + T}) € Byand 0;(s) = g;(s+T}) € £ (i =
1,2).Foranye > 0,lett =T > T} + (1/0) In(2T, (21 + 1)Mp +
IIgIIizh)/s) be fixed; then

v (uy, 1y, 915 95) < €+ @ (1, 1y, 915 95) - (98)
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Combining Lemma 15 and Definition 5, we know that ¢
is the contractive function on B x B, and v is the asymptotic
contractive function on B, x B,

Then {Ug(t, T)}is0» g € Z, is uniform (with respect to g €
¥) asymptotic compact in ., by Theorem 6. O

We also recall the following useful result, whose proof is
simple and we omit it.

Lemma 17 (see [15]). Let X be a reflexive Banach space and
x, — 0in X. Then, for each compact (in X™) subset B ¢ X",
the uniform convergence holds: for any € > 0, there is N,,
depending only on ¢, such that

|(fixp) x| <€ foralln>N,andall f€B. (99)

Proof of Theorem 3. Theorem 2 implies that the family of
processes {Ug(t, T)}, g € Z, corresponding to (1), has
a compact (in ;) uniform (with respect to g € X)
attracting set which is bounded in .,; consequently, as a
direct application of the abstract theorem [29, Chapter 1V,
Theorem 3.1], we obtain the existence of a compact uniform
(with respect to g € X) attractor &, and & C M.

We remark that the above existence does not require any
continuity of the family of processes (e.g., see [29]). However,
in order to obtain the explicit form of ¢, that is, equality
(29), we need some continuity. Moreover, since the symbol
space X now has only weak compactness, we need to verify
the corresponding weak continuity.

Hence, in order to obtain (29), we need to verify the
following: for any fixed T € Randt > 7,ifz,, — z,in
M, and g, — g with respect to the local weak convergence
topology of L2 (R; L*(Q)), then

loc

Uy, (1) 2, — Uy (t,7) 2, in M. (100)

In the following, we will verify that the continuity above
holds on o/ x X, which obviously is a compact uniformly
attracting set for the corresponding skew-product flow semi-
group (generated by the family processes U, (£, 7)z,, g € Z,
and the shift semigroup {T'(¢)},,). We will complete the proof
of the week continuity.

Let z,(t) = (u,, ’l;)’ let z,,(t) be the solutions of (10) with
initialdataz,,, € &/ (n=1,2,...), and let the time-dependent
forcing g, € %, z(t) be the solutions of (10) with initial data
z, € of and the time-dependent forcing g € X; we assume the
following hypotheses:

Zy — 2, in My, (101)
g, — g, in L2, (R,L* (). (102)

Since (10) holds as an equality in L(z,T; H Q) (q is
conjugate to p from (13)), this means that for any T'(> 7) fixed

u, —=u, in L’ (7, T;Hy (), (103)
where u = ILU,(t, 1)z, € L*(1,T; HS(Q)), and I, is the
projector from X x Y to X. Since o is bounded in ./,
following Corollary 10, we know that there is M such that

sup sup sup "Ug (t, 1) d”i% <M < oo.

geX teR t21

(104)

Journal of Function Spaces

Hence,

Lg‘{nlug 1)z, it e [1,T], z, € I}
g

is bounded in L? (T, T; HS (Q)) ,
(105)
U {atnlug t1)z, :te[r,T], z, € 52{}
gex

is bounded in L* (‘r, T;H! (Q)).
Then by the compactness lemma (Lemma 7) we know that

U{mu, ¢ 1)z, t e [1,T], 2, € o}

gex 106)

is compact in L? (T, T; L* (Q)) .

Itis

(107)

n—00
T

T
lim J J- |u,, (s) - u(s)|2 ds = 0.
Q

Denote w(t) = u,(t) —u(t), & =1, -1', 0, = u,.(t) - u,, and
z,(t) = (u,(t), 1) = U, (t,7)2, = Uy(t,T)2,, 20,2, € o,
n = 1,2,.... The proof of the following inequality is similar to
(93):

w0 ®F + T @1 + [EL,

t
< oD I wf||i% 1+ 2lI |u,, (s) - u(5)|§d5 (108)

t
+2 J L (g, () = g (s)) (14, (s) —u(5))ds.

Due to (107) and (102), we only need to show that if g, —
gin L* . (R;L%*(Q)), then

w,loc

Jt (g (x,8) = g (x,8), w (x,5)) ds| — 0 (109)

uniformly on L*(1,t; L*())-compact set. But this is a direct
application of Lemma 17. Therefore we complete the proof of
the continuity on of x .

Based on the continuity claim above, and by constructing
a skew-product flow on o/ x ¥ and applying [29, Chapter
IV, Theorem 5.1], we obtain the structure equality (29). This
completes the proof of Theorem 3. O
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We establish the nonexistence of solution for the following nonlinear elliptic problem with weights: —Au = (1 + |x|*)|ul? “uin RN,
where « is a positive parameter. Suppose that 1 < p < (N +2)/(N -2),a > (N -2)(p+1)/2-NforN >3orp > 1,a > -2 for
N = 2; we will show that this equation does not possess nontrivial bounded solution with finite Morse index.

1. Introduction

Liouville theorems are very important in proving a priori
bound of solutions for elliptic equations. As far as we know,
the most powerful tool for proving the a priori bound is the
blow-up method. During the blow-up process, we first sup-
pose that the solutions are unbounded; then we can scale the
sequence of solutions. Finally, we get a nontrivial solution for
the limit equation. On the other hand, if we can prove that the
limit equation does not possess a nontrivial solution, then we
get a contradiction. So the solutions must be bounded. From
the above statements, it is easy to see that the most important
ingredient in proving the a priori bound is the nonexistence
result for the limit equation. These kinds of nonexistence
results are usually called Liouville type theorems.

For elliptic equations, the first Liouville theorem was
proved by Gidas and Spruck in [1], in which the authors
proved that the following equation

~Au=u? inRY ¢))

does not possess positive solutions provided 0 < p < (N +
2)/(N — 2). Moreover, it was also proved that the exponent

(N+2)/(N-2)is optimal in the sense that problem (1) indeed
possesses a positive solution for p > (N + 2)/(N - 2). So
the exponent (N + 2)/(N — 2) is usually called the critical
exponent for problem (1). However, this Liouville theorem
is not sufficient for proving the a priori bound since the
solutions may blow up on the boundary of the domain. In
order to overcome this difficulty, the authors studied the limit
equation in the half space

N
4+

~Au=u’ inR
(2)

u=0 onaRi\]

in [2]. They proved the above equation also does not possess
positive solutions provided 0 < p < (N+2)/(N-2). The above
two Liouville theorems are what we need to prove a priori
bound for positive solutions of nonlinear elliptic equations
in bounded domain. Later, Chen and Li obtained similar
nonexistence results for the above two equations in [3] by
using the moving plane method.
At the same time, elliptic equations with weights

—Au = |x|*u?  in RY (3)
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were also widely studied and there are many existence and
nonexistence results for problem (3). If « < 0, we say this
problem is a Hardy type equation, while for & > 0, we say
this problem is a Henon type equation. For the Hardy type
problem, it can be proved that this problem does not possess
positive solution provided 0 < p < (N + 2« + 2)/(N - 2)
by using the moving plane method as in [3]. However, for the
Henon type equation, this proof of the nonexistence result is
completely open up to now. The main difference between the
two cases lies in that, for & < 0, the weight |x|* is decreasing
in |x|, so the moving plane method works. However, for ¢ >
0, the weight |x|* is increasing in |x|, so the moving plane
method does not work.

On the other hand, we note that the above-mentioned
results only claim that the above equations do not possess
positive solution. A natural and more difficult question is
whether the above equations possess sign-changing solution.
However, this question is also completely open up to now. A
partial answer was given in [4] in which the authors assume
the solution has finite Morse index; then they proved the non-
existence result for this kind of solution. To prove this result,
the author first deduced some integrable conditions on the
solution based on finite Morse index; then they use the
Pohozaev identity to prove the nonexistence result. After this
work, there are many extensions on similar problems. For
example, Harrabi et al. extended these results to more general
nonlinear problems in [5, 6]. The corresponding Neumann
boundary value problems were studied in [7]; Yu studied the
mixed boundary problems, the nonlinear boundary value
problem, and the fractional Laplacian equation in [8], [9], and
[10], respectively.

In this paper, inspired by the above works, we study
another problem, that is, the following elliptic equation with
weight:

~Au=(1+x|*)|ulf "' u in RY, (4)

where « > 0is a positive parameter. We are mainly concerned
with the nonexistence of solution with finite Morse index.
Because of the interaction of |u|?'u and |x|*|u|? ' u, in order
to prove the nonexistence result, we need to add a new bound
for the exponent of the weight. More precisely, we have the
following result.

Theorem 1. Suppose that 1 < p < (N +2)/(N - 2), « >
(N-2)(p+1)/2-NforN =3orp>1,a>-2for N =2;let
u be a bounded solution for problem (4) with i(u) < oo; then
u = 0, where i(u) is the Morse index of u.

The rest of this paper is devoted to the proof of the above
theorem. We first deduce some inequality based on finite
Morse index; then we derive some integral conditions on this
solution. Finally, we use the Pohozaev inequality to prove the
above theorem. In the following, we denote by C a positive
constant, which may vary from line to line.

2. Proof of Theorem 1

In this section, we always assume the conditions in Theorem 1
hold. We establish the nonexistence of finite Morse index
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solution for problem (4). For this purpose, we first recall the
definition of Morse index. Let u be a solution of problem (4);
we define

dim {(p e Cy’ (IRN) | <I” (v) @, (p> < 0} (5)

as the Morse index for u, where

I(u) = 1 J |Vul* dx
2 JrN

(6)
- [ et
and hence
<I” (1) (P’<P> — JRN lV(plZ dx
(7)

—pj (1+x|%) [ulP" ¢*dx.
RN

Also, for further use, we need to define some cut-off function.
Let s > 2r > 0; we define 0 < ¢, ; < 1 as follows:

0 for |x| <ror |x|>2s,

¢r,s = (8)

1 for2r <|x|<s.
Moreover, we assume that [V¢, | < 2/r for r < |x| < 2r and
[V, | <2/sfors < |x| < 2s. In the same spirit of [8-10], we

have the following result.

Lemma 2. Let u be a solution of (4) with finite Morse index;
then there exists R, > 0 such that

(I" (u) up, g tihp, z) = 0 ©)
for any R > 2R,

Proof. The proof is the same as [8-10]; we omit it. O

The next lemma is the key ingredient in the proof of
Theorem 1.

Lemma 3. Let u be a bounded solution of problem (4) with
finite Morse index and let o, p satisfy the assumptions in
Theorem I; then one has

J [ul?*! dx < oo,

RN

j Ix|® [l dx < oo, (10)
RN

J |Vul? dx < co.
RN



Journal of Function Spaces

Proof. We will use the information of finite Morse index of

u to prove our result. We first prove that IIRN [ulP*'dx < oo.
By Lemma 2, there exists a positive constant R, > 0, such that

(I" () up, g tihg, g) = 0 (11)

for any R > 2R,. Then by the definition of I(u), we conclude
that

p JRN (1+ 1x[%) [ul”*" b, pidx
(12)

< J.RN |V (u¢R0)R)|2 dx.

A direct calculation shows that the right hand side of (12)
equals

JRN IVul® ¢, » + |Vebr,p| 4 + 2udp, nVuVehe pdx. (13)

On the other hand, if we multiply (4) by uqﬁfzo’R and integrate
by parts, then we have

J |Vul* ¢’1220,R + 2y, RVUVp pdx
RN

(14)
- JRN (14 %) [l 2, plx.
Inserting (14) into (12), then we get
(=) [ (14 1+1) ™! 7, v
2
= J-RN u’ 'V¢RU,R' dx (15)
<Co+ — J wdx.
R* J{r<|x|<2R}NRY
In particular, we have
(p=1) | 10" g}, sl
c (16)
<Co+ — J wdx,
R* Ji{r<|x|<2R}NRN
(=) | 111" 5, e
17)

C
<Co+ — Wdx.

R? J{RglxngR}nRN

If N = 2, we already have |, |l ¢ pdx < oo and

.[[RN |x|“|ulp+1¢12{0)Rdx < 00 since the right hand sides of (16)
and (17) are bounded by a positive constant independent of
R. This proves the result for N = 2. So in the following, we
always assume that N > 3. We deduce from (16) and the
Holder inequality that

(=) | 17" 6 e

C
<Cy+ — wdx

R? J{RslxlsZR}nRN

2/(p+1)
<Cy+C (I |ulP*! dx)
{R<|x|<2RINRN

. RN((P—I)/(PH))—Z‘

(18)

Suppose on the contrary that .[RN |ulP*'dx is infinite; then we
have

2/(p+1)
J [ulf'dx < C <I |ulP*! dx>
BR BZR (19)

. RN((p—l)/(p+1))—2

for some C > 0 and R large enough. Denote y = N((p -
D/(p+1)-2,0=2/(p+1),and J(R) = [, [ul""'dx; if we
iterate the above inequality k times, then we get

J(R) < CR*] (2"“R)9M (20)

withy = 1+ 6 + 6% + --- + 6. Since u is bounded, a direct
calculation shows that the right hand side of (20) is of order
RM with

k+1

L NOF L, _H (21)

M:
- 1-6

as k — 00. In particular, we can choose k large enough, such
that M < 0. Then it follows from (20) that

J(R) — 0 (22)

as R — 00, which is impossible. So we get J[RN [ulP*'dx < co.

Next, we show that [ [x|*|u|”*'dx < oco. By the same
spirit as the above, we deguce from (17) that

(p=1) |1l 1" 6, e

<Co+ 3 J wdx
R* Ji{r<|x|<2RINRY

. 2/(p+1)
<Cy+C <J || [Pt dx)
{R<|x|<2RINRN

. R20/(p+DAN((p=D)/(p+1)-2

(23)



Suppose on the contrary that .[RN |x|*|ulP"dx is infinite; then
we have

2/(p+1)
J Ix|* P dx < C (J || [u] P! dx>
By By (24)

. 22/ (p+DAN(p-D/(p+1)-2

for some C > 0 and R large enough. Denote fi = —2a/(p+1)+

N((p-1/(p+1))-2and J(R) = [, |x|*|u|"*'dx; similarly,
R

if we iterate the above inequality k times, then we get

9k+l

T (R) < CRMT (2'R) (25)

withy = 1+ 60 + 6% + --- + 6. By the boundedness of w,
a direct calculation shows that the right hand side of (25) is

of order RM with

_ 1— k+1 ~

- k+1 H 26
e +(@+N)6 vy (26)

as k — 00. So we can still choose k large enough, such that
M < 0. Then it follows from (25) that

J(R) — 0 (27)

as R — oo, which is a contradiction. So we get that
Joe 16114l dx < 0.

Finally, we show that .[RN |Vul*dx < oo. For this purpose,
we first choose a cut-off function 0 < ¢ < 1 such that ¢ = 1
for [x| < 1 and ¢ = 0 for |x| > 2. For any R > 0, we multiply
(4) by ug(x/R) and integrate by parts; then we get

ol son()
JB [u] go(R dx . unp| % dx

2R 2R

_ 2,(%
—L [Vu| go(R)dx

2R

+ % LZR uVuVe <%) dx  (28)

_ 2 (X
—L [Vu| cp<R>dx

2R

@ )y, 20 (%)
| wag(Z)dx.
2R2L”¢R *

2R

Since

1 2 X C 2
R JBZRu Ago<§>dx < 2 LZRu dx

2/(p+1)
< CR™2N(-1/(p+D) (J |u|P+1dx> ,
B

2R

(29)
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we infer from the above two equations that

Vul <f>d

2/(p+1)
< CR™2N(p=1/(p+1) (J |u|P+1 dx) (30)
B

2R

pt1 f)
+ JBZR [u go(R .

By the assumption p < (N + 2)/(N - 2) for N > 3 and the
fact that .[RN lulP*'dx < oo, we get

J [Vul* dx < co (31)
RN
by letting R — oo in the above equation. This finishes the

proof of this lemma. O

In order to complete the proof of Theorem 1, we need the
following Pohozaev identity for problem (4).

Lemma 4. Suppose that u is a solution of (4); then the follow-
ing identity holds:

N-2 N
—_— J |Vul* dx — —— J lulP*! dx
2 Br p+ 1 Br

N+«
- j el [P dx
p +1 By

R
=—J |Vu|2dS—RJ
2 Jas, 0By

R
p+1

2

u ds (32)

ov

J [ulP*t ds
9By

- J l|* ulP* dS.
p+1 Jog,

Proof. The proof of this lemma is standard; we give the details
to keep this paper self-contained.

Multiplying (4) by (x, Vu) and integrating in By, then we
get

- J Au (x,Vu) = J (14 ) [P (x, V) . (33)
By By
The left hand side of (33) equals

—J Au {x,Vu) = J VuV {(x,Vu) dx
By B
- J a_u (x,Vu) dS
B, OV

= J |Vul* dx
By

- j {3,V (IVul*)) dx
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J — (x, Vu) dS
= N2 J- \Vul* dx

2 Js,

1 2

+ = J (x,v) |Vu|~dS

2 Jos,

J — (x, Vu) dS
= _N-2 J- |Vu|2 dx

BR
B |Vul* dS
2

J
L, 15

(34)

while the right hand side of (33) equals

J (1 + [2]*) [P~ w (x, Vur) dx
By

= pll J <x,V|u|P+1>dx
Bg

+ p; J <|x|°‘ x,V |u|P+1> dx

__N J u|P* dx
p+1

J (x,7) [ulP*' ds
p +1

N+(x

(35)

j el [P dx

j e, v) el [ulP* ds

j ! dx+pilj ulP* ds
+ 0By

_N+(x
p+1

j el [l dx
BR

+ J x|* |ulP* dS.
p+1 9By

Combining the above two equations together, then we
get the above local Pohozaev identity for problem (4). O

With the above preparations, we can prove Theorem 1
now.

Proof of Theorem 1. First, since jNIuIP“dx < 00,

_[ o %% ulP dx < oo, andf « IVul?dx < oo by Lemma 3,
ﬁ en there exists a sequence R, — 0o such that

R

By J Vul dS — 0,

2 Jog,

R, J oul s o,
0By, 10V

(36)

Rn J |u|p+1 s — 0,
p+1 Jag,

Rn
p+1

J lx|* [ulP*t dS — 0
0By,

asn — 00. Let R = R, in the local Pohozaev identity and let
n — 00; then we get

N-2 N
- = I |Vul* dx = —— J [ulP™! dx
2 RN p+1Jry
(37)
N+«
+

ptl

J |x|* |ulP* dx.
[RN

Next, multiplying (4) by u and integrating by parts, then
we get

J |Vu|2dx=J |ulP*! dx+J Ix|* [ulP dx.  (38)
RN RN RN

We infer from the above two identities that

(—N_Z— N >I ™ dx
2 p+1 RN

N+a N-2
- ( @ _> j x| ulP* dx.
p+1 2 RN

(39)

By the assumptions on the exponents p and « in Theorem 1,
we have

N
—_ = <0,
2 p+1
(40)
N+a N-2 0
p+1 2 ’
For (39) to hold, the only possibility is
J [ulP*! dx =0, (41)
RN

which finally implies u = 0. O
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The paper deals with trace operators of Wiener amalgam spaces using frequency uniform decomposition operators and maximal
inequalities, obtaining sharp results. Additionally, we provide the embedding between standard and anisotropic Wiener amalgam

spaces.

1. Introduction

The aim of this paper is to study the trace problem: what can
be said about the trace operator T,

T:f(x) — f(x0), x=(x,%..0%,1), (1)
as a mapping from W29(R") to WP4(R"™"). We note that,
for a tempered distribution f defined on R”, f(x,0) has no
straightforward meaning and the question is how to define
the trace for a class of tempered distributions. One can resort
to the Schwartz function ¢, which has a pointwise trace
¢(x,0). It can be extended to (quasi-)Banach function spaces
which contain the Schwartz space & as a dense subspace.

Our setting is on Wiener amalgam spaces. These
spaces, together with modulation spaces, were introduced
by Feichtinger [1-3] in the 80s and are now widely used
function spaces for various problems in PDE and harmonic
analysis [4-10]. They resemble Triebel-Lizorkin spaces in the
sense that we are taking Lf(¢9) norms but differ with the
decomposition operator being used. Instead of the dyadic
decomposition operators A, ~ F ! X(&jg~24yF used for
Triebel-Lizorkin spaces, Wiener amalgam spaces use fre-
quency uniform decomposition operators 0, ~ F ' X 7>
where Q. denotes a unit cube with center k and Uy ,Q =
R".

The concept of trace operator plays an important role
in studying the existence and uniqueness of solutions to
boundary value problems, that is, to partial differential equa-
tions with prescribed boundary conditions [11, 12]. The trace

operator makes it possible to extend the notion of restriction
of a function to the boundary of its domain to “generalized”
functions in various function spaces with regularity. Now, we
give a formal definition for the trace operators.

Definition 1. Let X and Y be quasi-Banach function spaces
defined on R” and R"™!, respectively. Assume that the
Schwartz class & is dense in X. Denote

T:f(x)— f(x,0), fed. 2)

Assuming that there exists a constant C > 0 such that

IT7ly <Clflxs Vres, (3)

one can extend T : X — Y by the density of & in X and we
write f(x,0) = T f, which is said to be the trace of f € X.
Moreover, if there exists a continuous linear operator T~ :
Y — X such that TT" is the identity operator on Y, then T
is said to be a trace-retraction from X onto Y.

For (a-) modulation spaces, Besov spaces, and Triebel-
Lizorkin spaces, trace theorems have been extensively studied
[12-14]. Feichtinger et al. [13] considered the trace theorems
on anisotropic modulation spaces MP”?" with 0 < p,q,r <
00, s € R and they obtained TMPPP MM (R™) = MPI(R™ ).
In [15, 16], we find that, for 0 < p,q < oo, and s — 1/p >

(n - 1)(1/p - 1), we have TBPI(R") = Bspiql/p(Rnfl) and

TFP(R") = FPP /P(R”‘l) (the case F*1 is omitted). The use
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of atoms as a framework in studying trace problems can be
found in [16] and the references within.
Our main results are the following.

Theorem 2. Letn>2, 0 < p,q <00, s € R. Then
T:f(x)— f(x0), x=(x,%p-.0s%,_1) (4)

is a trace-retraction from WP M(R") to WPA(R" ™).

In view of the embedding in Theorem 6(II-ii), we imme-
diately have the following corollary.

Corollary 3. Letn > 2, 0 < p,q < 00, s > 0. Then for any
€>0

. Wb
T: Ws+1/(1/\q)—1/q+e

(R") — WPI(R™).  (5)

We remark that Corollary 3 is an improvement of an
older trace theorem found in [14] and that our result is sharp
at least for 1 < p,q < ©00. Moreover, our result shows
independence of p. This is due to the pointwise estimates we
were able to prove in Section 3. An interesting observation is
that the trace theorem of Triebel-Lizorkin spaces stated above
shows independence in g. This difference might be due to
the decomposition operators used in the norm of each of the
function spaces.

The paper is organised as follows. In Section 2, the embed-
ding between standard and anisotropic Wiener amalgam
spaces is given. We also define notations, function spaces, and
some lemmas to be used throughout this paper. In Section 3,
we prove our main result, Theorem 2, and the sharpness of
Corollary 3.

2. Preliminaries

Notations. The Schwartz class of test functions on R” will be
denoted by § == $(R") and its dual and the space of tempered
distributions will be denoted by &' = &'(R"). LP(R") norm
is given by || fll» = ([ |f(x)[°dx)"/? whenever 1 < p < co
and || fll;« = esssup,ps|f(x)|. The Fourier transform of a
function f € S(R") is given by

FIO-T@O=[ ™fwde  ©

which is an isomorphism of the Schwartz space §(R") onto
itself that extends to the tempered distributions &' (R") by
duality. The inverse Fourier transform is given by ' f(x) =
f(x) = IR,, eiz’T’s'xf(E)dE. Given 1 < p < 00, we denote by
p' the conjugate exponent of p (i.e, 1/p + 1/p' = 1). We use
the notation u < v to denote u < cv for a positive constant
¢ independent of u and v. We write a A b := min(a,b) and
aV b = max(a, b). We now define the function spaces in this
paper.

Let#: R — [0, 1] be a smooth bump function satisfying

L <
7(§) = {smooth, 1< ¢ <2 (7)
0, €] > 2.
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We write, for k = (ky,...,k,) and & = (§,,...,&,),
¢ =n(2(&-kK)). (8)
Put
o (6) = b, (81) - b, (£4) keZ'  ©

ZkeZ” ‘l5kl (51) ' "‘l5kn (En)’

Definition 4 (Wiener amalgam spaces). For 0 < p,q < oo,
and s € R, the Wiener amalgam space W consists of all
tempered distributions f € &' for which the following is
finite:

| lwea = 1<) B fHall > (10)

with O, f = F (¢, /).

We note that (10) is a quasi-norm if 0 < p,q < oo and
norm if 1 < p,q < co. Moreover, (10) is independent of the
choice of ¢ = {@}rczn. We refer the reader to [1, 2, 17] for
equivalent definitions (continuous versions).

We write X = (x;, X,, ..., X,_;) and define the anisotropic
Wiener amalgam spaces W#?" by the following norm:

(] e
i\ " (1)
(22 @) )]
ky€Z \kezm1

LP(R™)
Similarly, for X = (x, X,, . ..

If

,X,_,), we define

VVSP»‘L”J(Rn)
1/r
o rla (12)
Il X [ T (k) s
(kur k)22 \ Fezn-2 -

Comparing amalgam spaces WP with anisotropic amal-
gam spaces WP%" we see that W1 is rotational invariant but
WP is not. Using the almost orthogonality of ¢ we see that
WP is independent of ¢. Moreover, recalling that || f e
is the function sequence {0y f};c,» equipped with the L? E,ang
norm, it is easy to see that WSP T is a quasi-Banach space
forany s € R, p,q,r € (0,00] and a Banach space for any
s € R, 1 < p,gr < oo. Moreover, the Schwartz space is
dense in W/?" if p,g,r < co. The proofs are similar to those
of amalgam spaces in [1, 2, 17].

We collect properties of Wiener amalgam spaces in the
following lemma.

Lemma 5. Let p,q, p;,q; € [1,00] fori=1,2ands; € R for
j = 1,2. Then one has the following:

(1) S(R") = WPI(R") — &'(R");

(2) 8 is dense in WP if p and q < oo;

(3) ifq, < q, and p, < p,, then WP — WP,
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() if sy 2 5, then WPT — WP,

(5) (complex interpolation)let0 < 0 < 1,1/p = 0/p,+(1-
0)/py 1/g=0/q,+(1-6)/q,, and s = Os; + (1 -0)s,.
Then

[‘/Vsll’l 1 VVSIZZ ‘12][6] — VVSPﬂ_ (13)

The proofs of these statements can be found in [1, 3,17, 18].

Theorem 6 (embedding: W71 — Ws",”q’r). Let p,q,r €
(0,00] and s > 0.

(I) The caser = q.
(I-i) The case r = q = oo:
WP s WO, (14)
(I-ii) The caser = q < oo:
WP s WP, @as)
(I) The caser < q.
(IT-i) The case g = co. If s > 1/r, then

WP’OO < VVSII),oo,r’ (16)

N

for any s € (~00,s - 1/7).
(II-ii) The case q < 0o. If s > (1/r — 1/q), then

WP whaT, (17)

for any s € (—c0,s— (1/r — 1/9)).
(III) The case q < r.
(III-i) The case r = oo:

WPhT — WP, (18)

s s
(I11-ii) The caser < 0co:

W'SP"Z BN ‘,VSP"N' (19)

Proof. For part (1), it suffices to show the following estimates.

(I-i) Consider

sup sup (k) o f] < sup {k)* o f1- (20)
n k

(I-ii) Consider

1/q

1/q9
<ZZ<§>sqIDkflq> s<Z<k>sq|ukf|q) G
k. % k

(II-) Let s’ == s—1/r —¢, (¢ > 0). We may assume that
!
s >0:

1/r
(zwp@fwmﬂj
K, &

(22)
. 1/r
< (sip (k)* lef|) <Zsup (k)™ <E>5 r> )
k, k
The last term is equivalent to
s N\ 1/r
5 () )
mezZ \ =1 t+ |m|
(23)

' 1/r
1 (s—s)r (=)
< supt” < 00,
,;Z < 1+ |m]| > £1

where (s—s')r = 1+¢er > 1and s’ > 0 have been used.
(II-ii) Let s’ = s — (1/r — 1/q) — & (e > 0). It suffices to
show the embedding in the case s’ > 0. Remark that

q/r € (1,00) and (q/r)' =1/(r(1/r - 1/q)). Let o =
1-r/q+er:

, rlg V"
oo
k
1/r

k

r/q
- {Z k>”<kn>“q/f|ukf|‘f} (k)™

IN

{Z%“y”kwﬂmﬁ1W

k,

n

<Z<k > ) )U(ﬂ/r)

' l/q
s(z@f%mwﬂmﬂﬁ

R (24)

’ q) 14
(S () @ 00|

. 1/q
< [sip (k)" (k)" <k>s] {ZU‘)” o f |q} :
k

Here, we have used oc(q/r)' =1+¢/(1/r-1/gq) > 1.
Because at/r = 1/r—1/q+e=s— s’y s—s >0,and
s> 0,

=\ afr - _ <kn> o <%> S,<
(R)" (k)" (k) —( <k>> (W) <1 @




(ITI-i) Consider

1/q

1/q
S§P<Z<E>Sqlﬂkflq> S<Z<k>sqlukf|‘1> . o)
k k

n

Here, we have used s > 0.

(II-ii) Using the embedding £ — ¢7,

(s

. 1/q 1/q
(T®" Rt <(Twar)
k k

1/r

(27)

In the last inequality, we need s > 0. O

Lemma 7 (Triebel [12]). Let 0 < p < 0o and 0 < g < co. Let
Q = {Q}rezn be a sequence of compact subsets of R". Let d,
be the diameter of Q.. If 0 < v < min(p, q), then there exists a
constant ¢ such that

sup T "2 |fk Z)|

<c 28
e S 1 el o esy (28)

LP(e1)

holds for all f € LP o(€1), where f =
M fxOllgall o> and

Uih W fllpoeeny =

L5 (60 = {1 1 f = {fikien € S's suppF £,
(29)

< Q% felen < o0}

Definition 8 (maximal functions). Letb > Oand f € &. Then

D p—
O f (x) = supM xeR", keZ" (30
vert 1+lyl
Proposition 9. Let 0 < p < coand0 < q < co, b >
n/ min(p, q). Then

1/q
( Y (k) |DZf|q> , (31)
kez" LP(R™)
rlq 1/r
(z(z@mr))| o
ki€Z \kez™!
LP(R™)

are equivalent norms in WP1(R") and WP (R"), respectively.

The proofis a direct consequence of Lemma 7, taking f; =
O f . See also [14, Proposition].
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3. Proof of the Main Results

First, we narrate the idea of the proof. We give an equivalent
formulation for Oi(T f)(X), a function in R™!, via some
Oz, f (%, 0), a function in R™. Then we compute for pointwise
estimates between the corresponding #? norms and €£n€g
norms for cases 0 < g < 1and 1 < g < 00, separately. Finally,
taking L (R"") norms and using our equivalent norms in

Proposition 9, we arrive to our conclusion.
We denote by # (97_ ) the partial (inverse) Fourier

transform on x(ﬁ) € R"™ 1. Write {@g )z, 1 as versions of (9)
in R"™'. By the support property of ¢, we observe

5 (T = (75 0:75) (T) ®
=Y {F = [(F 07 F) 5.0} @

lez"
(33)

= Z X(k-11<1) (g_l‘/@gf) (x,0)

lez"

- ZX(@—ﬂg)DE,zf (x,0),

lez"

where yg,(§) oe®@(8), I = (L1,), and Of, f =
F _11//@97 f. Note that the left-hand side is a function in R"™
while the right-hand side is a function in R".
Recall our maximal function (30) and take y;, = y, =
=9,.1=0, vy, = x,; we have, for |x,| < 1,

o f X,0)] < Of f (%) (34)

Proof of Theorem 2. We start by taking the £1-norm of (33).
We write

1/q
( IRONEIL) @lq)

(35)

< 2 <k>sq<ZX|k oD & 0))q>l/q.

kezn! lez®

For 0 < g < 1, we estimate (35) by

1/q
( > (k) o (1) <x>l‘1>

kezm!
1/q
(23 0erbrsor) oo

leZ" kegn1

1g
(Z > DY ey RS & 0)|q>

l,€Z jcpn1 kezn1

Note that Y7 u: X(|E—i|sl)|DE,lf(z 01 = Z] N [n e, O, f (%
0)|%, where e is the jth column of the identity matrix. In the
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l/q' !
1/q 1/p-1/q
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(@) (b)

FIGURE 1: Comparison between the critical regularity index s for TWZI(R") = WP4(R") (a) and TMEL(R") = MPA(R™™) (b).
sequel, it suffices to consider only the case j = 1. Moreover, - g Ya
we write 0, f = O~ f for some y; satisfying (9). Using (34) < Z Z <k> X<y 'E@f (x, 0)'
we have N AN

1/q 1/g
7\ %4 — q T\ | == — q
(22 0ol -y (3 oErer)
LeZjeznt l,€Z \lezm
(37) (40)

1/q
ﬁi‘f(zxn)lq> :

Combining (36) and (37), then taking the L?(R"')-norm,
and raising to pth power give

”f (X 0) HwP‘i(Rn—l)

1/q9
< <Z ()"gf (E,xn)>

lez"

(230

1,€Z jezn-1

P (38)

Lp(Rn—l)

Integrating over x,, € [0, 1],

”f (%i 0) ||VVSP’q(|R”_l)

(5 oare)”

lez"

LPRY)
< [ lwpaa ey -

Note that the last inequality follows from Proposition 9.
For 1 < g < 00, we use Minkowski’s inequality to give an
upper bound of (35) as follows:

1/q
(Z@Wmm®©

kezn1

q\ l/a
S ( > (k)" < > Koy T f @ 0)> >
klezm! l,ez

Repeating the arguments above on (40) gives us the estimate

”f (x, 0)||‘,VSP»11(R71—1) < "f“WSP"”l(R“) . (41)

Hence, we arrive to our desired estimates.

Let ' € S(R) be a function with suppy’ ¢ (~1/4,1/4)
and (9gnl)q'(0) = 1. For any f € WPI(R""), we define
glx) = ('I]'flf)(x) = [(9gl)q'(xn)]f(§). We easily see that
g(x,0) = f(x) and O g =0 when |k,| = 3. Moreover, we
can decompose 0, g = O f - Dkn(gg:n') due to the way ¢ is
defined in (9). Now we do an estimate

(R")

qanl/q
=@(zww@ )
k,€Z \kezn-! PR

1/q
) < > (B los 'q> -
kez!

1/gn1
P A
(2 Rt

S ||f||‘,VSP¢1(Rn71) .

1/gn1

LP(R™)

Thus, T : WP(R™) —» WPPN(R™). O



l/q

0 1 1/p

FIGURE 2: Contradiction argument using interpolation.

As the end of this paper, we discuss the optimality of
Corollary 3. We recall the counterexample given in [13]. For
1 < p,q < 09, there exists a function which shows

' y -1
T:MDT (R") - MPT(R™). (43)
Since M?1 = W%, we also have T qu/’Z,([R”) N

Wg’q(R”_l). Hence, Corollary 3issharpfor p=¢g, 1< p,q <
0o (refer to Figure 1). We now claim that it is also sharp for
all 1 < p,q < oco. Contrary to our claim, suppose s = 1/q'
implies TWP9(R") = WP4(R" ). Then, by interpolation
with the estimate for a point Q(p;,q,) with s = 1/q}, one
would obtain an improvement for the segment connecting
P(p,q) and Q(p,, q,) (refer to Figure 2), which is not possible.
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This paper is devoted to the study of the existence of solutions to a general elliptic problem Au + g(x,u,Vu) = f — divF, with
fe L'(Q)and F € ]—LZLP I Q, w;), where A is a Leray-Lions operator from a weighted Sobolev space into its dual and g(x, s, ) is

a nonlinear term satisfying g(x, s, &) sgn(s) > p Zzl w;&IP, |s| = h > 0, and a growth condition with respect to £. Here, w;, w, are
weight functions that will be defined in the Preliminaries.

1. Introduction (H2) There exist a weight function o(x) and a parameter g,

1 < g < 00, such that
Let Q be a bounded domain in RY (N > 1) and let pbeareal 1

number with 1 < p < co. Denote by X the weighted Sobolev

1-4 1
space WO1 P(Q, w), associated with a vector of weight functions g €L (@), 3)
w = {w;(x)}o<i<n> Which is endowed with the usual norm o, . '
lIll1,p,- In this paper, we consider a general class of degenerate with ' = g/(q — 1). The Hardy inequality
elliptic problems:
1/q
At g(owVi = p in O, (], merroax)
@
u=0 on o€, N 1/p (4)
<C ZJ M Pw(x)dx
where Au = —div(a(x, u, Vu)) and the right-hand side term B ol ox; '

p = f—divF, where f € LY(Q),F e HZILPI(Q,wi*). We also
assume the following: holds for every u € X with a constant C > 0

(HI) Th independent of u. Moreover, the embedding
1 e expression

el = <§ |,

i=1

X — L1(Q,0) (5)
ou (x)
0x

» 1/p
w; (x) dx) (2)

is compact. Interested reader may refer to [1] for some
examples of weights which satisfy the above Hardy
isa norm defined on X and it is equivalent to [ - [l , ;.- inequality (see (4)).

i
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(H3) a(x,s,&) = {a;(x, 5,8 )}y + QX R x RN — RN
is a Carathéodory vector-valued function, and for all
i=1,...,N, there hold

1
|a; (x,5,8)| < o, I (x)

’ ’ N / -1 (6)
k) + P 4 Y Wl (0 [gT |
=1
N
a(x,s,&-&> cozwi (x) |51|P’ @)
i=1

[a(x,5,8) —a(x,sn)] (E-n)>0, E+neRY, (8)

where k(x) is a positive function in LPV(Q), 1/p +
1/p" = 1, and the constants ¢, ¢, are both positive.

(H4) Let g(x,s,&) be a Carathéodory function satisfying
the following assumptions:

N
9658 sgn(s) 2 pY w &7, Is|=h, 9)

i=1

for some h, p > 0, and

N
|g (x,5,)| <b(Is]) (Zwi &I + d(x)>, (10)
i=1

withb : R* — R, acontinuous increasing function,
and d(x), a nonnegative function in L' (Q)).

In the past decade, much attention has been devoted to
nonlinear elliptic equations because of their wide application
to physical models such as non-Newtonian fluids, boundary
layer phenomena for viscous fluids, and chemical heteroge-
nous model. When —divF = 0, Akdim et al. [2] proved in the
variational setting, under assumptions (H1)-(H4), that, for

every f e WP / (Q, w"), with g satisfying the sign condition
g(x,s,&)sgn(s) > 0. 11)

Problem (1) has a solution u € WO1 P(Q), w), where the authors
used the approach based on the strong convergence of the
positive part u! (negative part u;) of u, (the approximating
sequence of u). Ammar [3] extended this existence result to
problems with general data f € L'(Q), under hypotheses
(H1)-(H4). They also used a similar approach to prove the
existence of renormalized solutions. When —divF # 0,
Aharouch et al. [4] proved the existence result for problem
(1), by assuming the sign condition (11). For more details on
weighted Sobolev spaces, the readers may refer to [5].

Boccardo et al. [6] considered the nonlinear boundary
value problem

Au+ g (x,u,Vu) = u, (12)

where ¢ € L'(Q) + W (Q) and g(x,u, Vi) € L'(Q)
with sign condition (9) for large values of s. By combining
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the truncation technique with some delicate test functions,
the authors showed that the problem has a solution u €
WO1 P(Q). Mainly motivated by [4, 6], we investigate the
elliptic problem (1) in weighted Sobolev space. By choosing
test functions different from those employed in [4, 6], we
show that problem (1) admits at least one weak solution with
(9) instead of the sign condition (11). It is worth pointing
out that (9) gives a sign condition on g(x,s,&) only for
large values of s, which brings about many difficulties. The
essential one of those is that we have to construct some
new test functions to obtain the a priori estimates of the
approximation solutions u,, since the usual one T; (u,,) isnota
proper test function for our problem. The outline of this paper
is as follows. In Section 2, we give some preliminaries and
some technical lemmas. The main results will be stated and
proved in Section 3.

2. Preliminaries

In this section, we give some preliminaries (see [5]). Through-
out this section, we assume that the vector field a(x, s, &) =
{30,581 <i< N: QOxRx RY — RY satisfies assump-
tions (6)-(8) and g satisfies (9)-(10). Let w = {w;(x)}<i<n be
a vector of measurable weight functions strictly positive a.e.
in Q, such that

w; € L'(Q),
(13)
w, "V e L' ().
We define the weighted space with weight y on Q as
¥ (Q,y) = {u —u(x):uy'? e LF (Q)}. (14)
With this space, we equip the norm
1/p
Il = ([ meoPyeoax) . 09

We denote by Wol’p (Q, w) the space of all real-valued func-
tions u € LP(Q,w,) such that the derivatives (see [5]) in the
sense of distributions satisfy

ou
— e L (Q
ax‘ € ( wl)

1

Vi=1,...,N, (16)

endowed with the norm

ol peo = (L ju (OIP wp () dx

N p 17)
ou (x)|?
+ ; L} ox, w; (x) dx) .

Let X:=W01’P(Q, w) be the closure of C;°(Q)) with respect to
the norm ||-|| Lo Then, (X, |- I,P»w) is areflexive Banach space

whose dual is equivalent to W™"# , (Q, "), where w* = {w! =
w P = wi_P /P}, i= 1,...,N,andp' = p/(p—1). As usual, for

1
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s, kin R, with k > 0, we denote T}(s) = max(—k, min(k, s))
and Gi.(s) = s — Ti(s).

The following lemmas will be needed throughout this
paper (refer to [2, 7]).

Lemma 1. Let a and b be two nonnegative real numbers, and
let

9(s) = 5™, (18)
with 0 = b*/4a*. Then,
ago' (s)-b |g0(s)| > 62—1, seR. 19)

Lemma 2. Let g € L'(Q,y) and g, € L(Q,y), with
Igullroy <6 1<r<co.lfg, — gae inQ, theng, — g
weakly in L' (Q,y), where y is a weight function on Q.

Lemma 3 (assume (H1)). Let G : R — R be uniformly
Lipschitzian, with G(0) = 0. Let u € WOI’P(Q, w). Moreover,
if the set D of discontinuity points of G' is finite, then

0Gou

0, ae in {xeQ:u(x)eD}, (20)

G'(u)%, ae. in {x € Q:u(x) ¢ D}.

1

Lemma 4 (assume (H1)). Let u € Wol’p(Q, w) and Ty (u),

k € R", be the usual truncation. Then, Ty(u) € Wol’P(Q, w).
Moreover, one has

T, (u) — u  strongly in Wol’p (Q,w). (21)

Lemma 5 (assume (H1) and (H2)). Let {u,} be a sequence
of functions in WOI’P (Q,w) such that u, — u weakly in
Wol’p(Q, w) and

lim J [a(x,u,, Vu,) —a(x,u,Vu)] -V (u, - u)dx
o (22)
=0.

Then, u,, — u strongly in Wol’p(Q,a)).

3. Main Results

Firstly, we give the definition of weak solution for problem

D).

Definition 6. One says u € WO1 P(Q), w) is a weak solution to
problem (1), provided that

J. a(x,u,Vu) - Vvdx + J g (x,u, Vu)vdx
Q Q

=J0fvdx+JQF~Vvdx, (23)

for every v € WOI’P (Q,w) N L® (Q).

Now, we will state and prove our main result on the
existence of weak solutions to problem (1).

Theorem 7. Let f bein L'(Q) and F € HZILP,(Q,(U;‘). Then,
there exists at least one solution u to problem (1).

Proof. The proof will be divided into 5 steps.

Step 1 (the approximation equation). We introduce the fol-
lowing approximation equation of problem (1). Let f, be a
sequence of L°(Q) functions that converges to f strongly in
L'(Q)andletn € N,

glasd
1+ (1/n)|g (x,5,8)|

then g,(x, s, &) is bounded and satisfies (10) and
In (x7 S5 5) - sgn (S) =0, (25)

for almost every x in €, for every £ in RY, and for every s in
R with [s| > h. By the results of [2], there exists a solution

u, € Wol’p(Q, w) of
A(u,) + g, (x,u,,Vu,) = f, - divF in Q,

9n (x) S, E) = (24)

(26)
u,=0 on 0Q,

which satisfies
J a(x,u,, Vu,) - Vvdx + J G (%, u,,, Vu,) vdx
Q Q 27)
= J fovdx + J F-Vvdx,
Q Q

for every v € WOI’P(Q, w) N L®(Q).

Step 2 (the weak convergence u,, — u in WO1 P(Q), w)). Take
v = (T}, (u,)) as a test function in (27), where h > 0 is defined
in (9) and ¢(s) is as in (19). Writing (p,'l = (p'(Th(un)) and ¢, =
(T}, (u,)) for simplicity, we have

|| (@xm,¥10)- VT, (1) g
Q
+ J G (%, 14, Vi) @pdx (28)
Q

= J Supndx + J F-VT, (u,) ¢,dx.
Q Q
Thanks to Young’s inequality and (7), we have
T, (u,) |
giu") w; (x) gy dx

1

N

ol,2

i=1

+ J In (x’ Uy vun) (Phdx
Q
N Pl (29)
<¢(h) L | £l dx + o' () L Y |F- o dx
i=1

N
@ aTh (un)
* 2 .[QZ ox;

i=1 1

P
w; (x) @y dx.




Since {f,} is bounded in L'(Q) and F ¢ ]_[file,(Q, W), it
follows from the above inequality that

o

i=1

aTh (un

p
i w; (x) go,'ldx

i

(30)
+ I 9 (%, u,,, Vu,) ¢, dx < C,
Q

where C is independent of ». Splitting the second term on the
left-hand side where |u,| < hand |u,| > h, we can write

J In (x’ Uy Vun) q)hdx
Q
= J In (X, Uyp» Vun) q)hdx (31)
{lu,|<h}
+ J In (x’ Uy Vun) (Phdx'
{lu,|=h}
Using (9) and (10), we get
Ll Ishl In (x’ Up> Vun) (Phdx Z pp (h)

N
-Llunlzh} ,:Zl

ou, |P
0x;

w; (x) dx,

thKh}gn(x,un,Vun)¢hdx <b(h (32)
N1ot, (u,)|”
(L i
i=1 1
+¢(h) ||d||L1(Q)> .
Hence,
aTh( ) G 1
n Dol b (h ]d
L; o, z(x)[zsvh (1) |gy| | dx
(33)
N ou, P
+ pg (h) LI 2|5 wdxsc
upl2hy j=1 i

Recalling (19) in Lemmal, let a = ¢/2, b = b(h); we then
obtain

S| oT,
J Z h(u w; (x)dx
Qz 1 1
(34)
N
ou, |?
+ 2| w; (x)dx < C,
L|u,,|>h}; 0x;
which implies
N a P
J Z | w; (x)dx < C, (35)
afFlo
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or equivalently
llualll < €. (36)
where C is some positive constant. Therefore, we can extract
a subsequence, still denoted by itself, such that
u, —u weakly in Wy? (Q, ). (37)

By (5) and (37), we have for a subsequence u, — u
strongly in LY(Q, w) and a.e. in Q. Then, T}(u,,) is bounded

in WO1 P(Q), w). Hence, by the results of [8], we have
Tk (un)

Step 3 (the strong convergence u,, — u in WO1 ?(Q, w)). For
every k > h, we will prove that T} (u,) converges strongly to

T (1) in WO1 P(Q, w). We first prove that

ou,,
ox;

— T, (u) weakly in Wol’p (Q,w). (38)

N

P
w;dx = 0. (39)

lim su ;

k= +00 e N+ I{Iunlzk} Pt

Here, we denote by N* the set of natural numbers. Choosing
v =T(u,) - Ti_;(u,) as a test function in (27) withk > h+1,
using (7) and Young’s inequality, we obtain

%J ()Ia(Tk u,) = iTkl(u))

dx

+ jﬂ 1 (4, V) (T () = Ty (1))
(40)
| A - T () dx
{lu,|2k—1}

o S

!
I/P'P dx
k—1<lu,|<k} =

Noticing (9) and that T (u,,) — T)_, (u,,) has the same sign as
gn(x,u,,, Vu,) if [u,| > hand is zero if |u,| < h, we get

In (X, Uy» Vun) (Tk (un) - Tk—l (un))

> |G (%t V)| Xju 18-

Dropping the nonnegative term, we have

J |9, (1, Vui,, )| dx
{lu, |2k}
< d
J{Iunlzk—l} | ful dx (42)

+J{ Z|F wl/P| dx.

k=1<lu,|<k} ;5

(41)

Since

meas {|u,| > k} < J-
o

= k “u ”LP (D) (43)

-1\l/p
(@), 0

(“’ )“pr n(Q)’

= k ||u ”LP (Q,wy)
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we obtain

lim sup meas ({|u,| >k -1}) =0. (44)

k — 400 neN*

Taking into account the fact that { f, } is compact in LY(Q)and
F e [T, L7 (Q, @), we deduce that

lim su J | f| dx
k= +o0 pen+ J{ju,|2k-1}

N U
Lo TLp p _
! J{k-lslunlsk} ; |Fi w; | dx = 0.

(45)

Hence,

lim sup J |9, (1, Vit )| dx = 0. (46)
{lu, |2k}

k— +00 yeN*

Noticing that k > h and (9), this completes the proof of
assertion (39).

Let k > hbe fixed, 0 < € < k, and choose v = ¢(T(u,, —
T(u))) as a test function in (27), where ¢(s) is defined in
Lemma 1 (refer to [8-10]). We thus obtain

JQ a (% uy, Vi) - V (T, (u, = T, ) @' (T, (u, — Ty () dox
(4)
[ o o Vi) 0 (T, 1, = Ty ) e
(B)
= |, £ (T (0, = Ty )

©

(47)

+ J;) F-v (Te (un - Tk (u))) (PI (Ts (un - Tk (u))) dx.

(D)

In the following, §(e,n) represents a quantity which con-
verges to zero as firstly n — o0 and secondly e — 0. For
convenience, we write

(Pé,n = (P, (Te (un - Tk (u))) >
Pen =@ (Te (un - Tk (u))) .

(48)

Observe that, in the weak™ topology of L™(Q2) and almost
everywhere in Q, we have

lim lim ¢, =0,

e—>0n—00

(49)
lim lim Prn = 1.
Now, as { f,,} is compact in LY(Q) and (49), we have
(C)=4d(en). (50)

Thanks to Ty . (u,) — Ti(u) weakly in Wol’p(Q, w), F €
]_[f\:]lLPI (Q, ), and (49), we obtain

Y (Tk+s (un) - Tk (u)) Xe {lun - Tk (u)l} q’;,nd'x (51)

=6 (e,n),

where x {lu, - T, (W)} = xllu, — T (W) < &}. We can
decompose (A) as

J, 60 Tere (4, TThe ()9 (T, (1, = T (0))

(E)

(52)

+ JQ a (X, Up> VGk+s (un)) X {lun| >k + 8} v (Ts (un - Tk (u))) (P.L,ndx'

Owing to {|u,, — T (u)| < €} C {lu,| < k + €}, we get
()= | a (ot VG, () ] = K+ ]
@ (53)
-V (Tk+s (”n) - Tk (”)) Xe {|un - Tk (u)l} go;,ndx.
Since VT, (u,) is zero whenever VG, (u,) is not zero,
hence,

(B)= - | a1, VGy,, )
@ (54)

’ VTk (u) X {|un| >k + 8} Xe {|un - Tk (u)” (Pé,ndx'

(F)

Since VT (1) = 0 on the set {lu| > k + &}, we see that, as
n — oo,

VTk (u) X{lun|>k+5} —> 0, a.e. in Q (55)

As VT (u) € Hfile (Q, w;), Lebesgue’s dominated conver-
gence theorem guarantees that

VT (1) Xgju, |sk+e} — 0

N (56)
strongly in HLP (Qw,), n— co.

i=1
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By (6), (49), and the fact that a(x, u,, VG, (1)) is bounded =~ Now we split (E) into
in [T, L? (Q, w]), we obtain

(F)=08(gn). (57)

JQ [61 (x’ Tk+£ (un) > VTk+s (un)) —-a (X, Tk+£ (un) > VTk (u))] Y (Tk+£ (un) - Tk (u)) q)e’:,ndx

(&)

(58)
+ ,|-Q a (x’ Tk+£ (un) > vTk (u)) Y (Tk+£ (un) - Tk (u)) (Pé,ndx'
(H)
We will prove that Using (57) and (62), we have
a; (x’ Tk+s (un) > VTk (u)) — 4 (x’ Tk+£ (u) ’ VTk (u)) (A) = j [a (x’ Tk+s (un) > VTk+£ (un))
, (59) o
. P *
strongly in L7 (7). - 0 (%, T (1), VI @)] -V (T () (69
In fact, - Ty (w)) (pé)ndx +0(&,m).
la (%, T () VT, (u))lp’ wi—p’/P <¢ [k x) As for the term (B), we decompose it as
J gn ('x’ Uy, Vun) (ps,nd'x
1/p' /v’ {lu,|>k+e}
+a'P |Tk+s (”n)lq I (64)
, 64
1/P aTk P o P (©0 + j In (X, Uy» vun) Pe ndx'
+ Z (x) <g | k(x) (lu, | <k+c} ’
=1 )
oT. (u It is clear that on the set {u, > k + £} we get
+0 [Ty ()| +Zw()| k() ]
=9 (Ts (un - Tk (u))) =¢ (e) 20, (65)
where ¢, ¢, are positive constants. Since T}, (1,,) — Ty, (1)  whileon the set {1, < -k — &} we get
weakly in W()I’P(Q,w) and Wol’P(Q,w) —  LIQ,0) is @en =9 (T, (u, - T (W) = ¢ (—¢) < 0. (66)
compact, then T}, (1,) — Ty, (1) strongly in LY(Q, o) and )
a.e. in Q. Hence, By (9) and the fact that k > h, we obtain
(I) = 0. (67)

a; (%, Trye (1), VT (1) p,w
| G Tire () g )I Using (7) and (10) and noticing that € < k, we have

— |a; (%, Tye (), VT () ? w ae in Q, N »
o ‘ | I(I)ISJ bw [d+ 3|22 w0
, oT, (u) | {lu,|<k-+e} S lox;
o | k)P +0 Ty ()| + ) w0y (x )‘ iy
(61) Npon] dx < b (2K) Ll L d@le|ax
— & [k +0|Tpe @)
“ [ ¥ | fre 1 | + MJ a (x,u,, Vu,) Vi, |p, .| dx
&) {lu,|<k+e}
oT,. (u) .
ol )‘ k } srongly i L1(.0). =006+ 2 [ a6 Ty (), Vi, ()
Q

Then, by the generalized Lebesgue dominated convergence
theorem, we deduce (59). By T}, (1,)/dx; — 0T, (u)/0x; Ve (1) |9e| dox <
weakly in LP(Q, w;) and (49), we have

(H) = 8 (e,n). (62) : L [@ (%, Tiye (t4,) > VTere (1))

b (2k)
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(50 Tewe (4 VT @0)] ¥ (T ()
T3 00) [genl i + | (3 T (), VT, 0)
V(T (1) = Tie @) || ¢

¢ | a0a T () VT, () - VT, )

@] dx + 8 (e,m).
(68)

By the weak convergence of 0T}, .(u,)/0x; — 0T (u)/0x; in
LP(Q, w,), (49), and (59), we have

Lamnﬂwxwum

V (Tire () = Ty ()

(69)
) |@enl dx = 8 (e,m).

Since a(x, Ty, (t4,), YTy, (14,)) is bounded in [TY, L” (Q, w})
and (49),

J;) a (X, Tk+e (un) > VTk+s (un)) : VTk (u) |(Ps,n| dx

=08 (e,n).

(70)

We have

b (2k)

05 222 [ a0 Tiee () i ()

—-a (x’ Tk+e (un) > VTk (u))] Y (Tk+s (un)
=Ty (1)) | @] dx + & (e,1) .

(71)

Invoking (63), we have

J, [ (0 Tove (), VT ()

—a(x Tiye (10,), VT, )] - V (T (1) (72)

b (2k)

- Tk (u)) |:(P;,n |(psn| dx =46 (8 1’1)

Consequently, by (19) and letting a = 1 and b = b(2k)/c,, it
yields

J, (800 Tove (), Ve ()

= a (6 T (1), VT )]V (T (1) 7
- T, (w)dx =96 (e,n).

Since {|u,,| < k} ¢ {|u,| < k + €}, we have

J, [ (o T (). VT 1,)
—a (% Ty (u,), VT, )] - V (Ty (u,,)

~ Ty (u)dx = J [a (x,u,, Vu,)

{lu, <k}
—a(x,u, VT ()] -V (u, — T (u)) dx
< j [a (14, Viay) — a (.1, VT )] 79
{lu,|<k+e}
-V (u, — Ty (u)) dx
= |, [0 60 T (4 i ()
—-a (X, Tk+s (un) > VTk (u))] Y (Tk+e (un)
~T, (w)dx =98 (e,n).
Together with Lemma 5 and the assumptions on a, we obtain
Ty (u,) — T (u)  strongly in W, (Q, w), (75)
which in turn implies
Vu, — Vu a.e. in Q. (76)

For any measurable set E of (), we have

N N
0 P
J Z U widx—J Z w;d
E5 1 0x; Enflu,|<k} =5
(77)
N
J- Z w-dx.
Enflu, |2k} ;5
Let € > 0. Thanks to
N N
ou, |* ou, |*
J Un w;dx < J U w;dx, (78)
Enflu, 2k} =5 | 0X; =k} 5 1 0x;
by (39), there exists k > h such that
N
0 P
J- ! w;dx < E, neN". (79)
Enflu,l2k} =5 | 0X; 2
While k is fixed, we get
N N P
ou, |* oT
J Hn widxsj Z i (1) wdx. (80)
Enflu, <k} 5 | 0X; ES| Ox;

Owing to the strong compactness of {T}(u,)} in WO1 P(Q, w),
there exists 8’ > 0 such that if meas(E) < &', then

N p

ou,,
ox;

™

neN". (81)

w;dx < 2

JEO{Iun|<k} =



Hence,

p

ou
2 wdx <e,

o, neN". (82)

2

i=1

Thus, the sequence {|Vu,|’} is equi-integrable. Thanks to
Vitali theorem, the equi-integrability together with (76)

implies that 1, converges strongly to u in WO1 (0, w).

Step 4 (the strong convergence g,,(x, u,,, Vu,) — g(x,u, Vu)
in L' (Q))). Note that (76) implies that

G (x, 14, Vi) — g (x,u, Vu) a.e. in Q. (83)

On the other hand, for any measurable set E of (), we have

J |g, (1, Vui,,)| dx
E
= J |9, (x4, Vi, )| dx (84)
Enflu, <k}
+ J |g, (2, u,, Vui,,)| dx.
En{lu, |2k}

Let € > 0 be fixed. We have

J |gn (x, un,Vun)| dx
En{lu, |2k}

(85)
< J lg, (%, u,,, V)| dx.
{lu, |2k}
Choose k > hin (46) such that
J |9, (2,14, Vi, )| dx < £ neN’. (86)
En{ju, |2k} 2
By (10), we have
[ 19, (T ) VI )]
En{lu,|<k}
(87)
oT, P
< b(k)J‘ ’M w, (x)dx +d ().

Since d(x) belongs to LY(Q) and Ty (u,) is compact in
Wol’p(Q, w), there exists 8" > 0 such that if meas(E) < 8",
then

&€
J |gn (x’ Tk (un) s VTk (Hn))l dx < —,
En{lu,|<k} 2 (88)

neN".

Thus, we have proved that {g, (x, u,, Vu,)} is equi-integrable.
Invoking (86) and (88) and by Vitali theorem,

gy (5,14, Vi) — g (x,u,Vu) strongly in L' (). (89)
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Step 5 (passing to the limit). Now, by passing to the limit in
(27), we obtain

J a(x,u,Vu)'Vvdx+J g (x,u, Vu) vdx
Q Q (90)
=J fvdx+J F-Vvdx;
Q Q

that is, u is a weak solution to problem (1). The proof is
complete. O
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