WEAK TYPE ESTIMATES OF BOCHNER-RIESZ
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ABSTRACT. Let G be a noncompact semisimple Lie group of rank
one, X = G/K its homogeneous space. We investigate the weak
type estimates for the Bohner-Riesz means of functions in certain
Hardy spaces on X. Solution to this problem relys on an explicit
formula for the kernel of the Riesz means. The critical index are
the same as in the Euclidean case. The Riesz means on X can
also be defined via a weighted Jacobi transform. It is possible we
can obtain a weak type estimate for the corresponding maximal
operator. We also study the boundedness result for the Hardy
spaces on G/K by an atomic decomposition adapted to G.

1. INTRODUCTION

The subject of L” boundedness for Bochner-Riesz means is one of
the major problems in harmonic analyis. The Bochner-Riesz multiplier
rs = (1 — |z[*)%. It is known that d(p) = n(1/p — 1/2) — 1/2 is the
critical index for L? problems (with 1/p—1/2 > 1/(n+1)). It is showed
in [Stein, Taibleson and Weiss| [57] that this is also the critical index
for Hardy spaces. Namely, they proved that the maximal function
associated to Riesz means maps H? continuously to weak L? for 0 <
p < 1. By interpolation we know this implies the LP boundedness.

We are concerned with obtaining the analogous result on symmetric
spaces. Previously, Clerc studied the Riesz means of Hardy spaces
on compact Lie groups and he obtained the same critical index for the
maximal Bochner-Riesz operator by proving that the maximal operator
satisfies the weak type estimates for atoms, which serve as “building
blocks” for Hardy spaces on G.

The study of Hardy spaces on a noncompact symmetric space is more
difficulty. One of the reason is that the definition of H? classes on G
is relatively not well understood. There are atomic decompositions
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for H? classes on R", compact Lie groups or compact manifolds as
well as Heisenberg groups [Coifman-Weiss], [Clerc|,[Folland-Stein] and
[H.P. Liu|. However so far atomic decomposition is known only for K-
invariant functions on G as studied in [T.Kawazoe, 1985, 2000]. Also we
do not know whether the atomic definition is equivalent to the Poisson
function characterization on a symmetric space.

Let X = G/K be the homogeneous space for a connected semisimple
Lie group G, where K is a maximal compact subgroup of G. Let
G = KAN and g = £+ a+ n be Iwasawa decomposition for G and its
Lie algebra g. Let £ be the Laplacian-Beltrami operator on G. In rank
one case £ = AL (ALY where A(z) = (2sinhz)?**(2 cosh z)?+!
for radial functions.

The sperical functions on GG are K-invariant and satisfies

Loy =—(N+ p*)da,

with p = o+ f + 1, where 2a = m; + my — 1 and 28 = my — 1
and so p = (my 4+ 2my)/2 is equal to half of the sum of the positive
roots with multiplicities with respect to the pair (g,a). There are
integral formulas for the spectral operator m(£) in [Giulini-Mauceri],
for complex or rank one semisimple Lie groups. We shall study the
Bochner-Riesz operators near the critical index.

2. PRELIMINARIES

Definition. A function is said to be K bi-invariant if f is invariant
under left and right translation by K.
Denote the Fourier (spherical) transform of f by

F= [ H@irods
The inversion formula is given by
o) = [ ol FNau.

where du(\) = |c(\)|72d) is a measure on RT. (Gangolli, R. Ann.
Math., 93(1971),150-165).

Sperical multiplier. To a function m € L>®°(R*") we associate a map
Ty : C(G/K) — L*(G/K) by

T, f(g) = / " n(Néa(9) F )| 2dA,

(T f :==m" % f can be viewed as a distribution in S’(G/K).)
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When m,(z) = (1 — #)z we have the Bochner-Riesz multiplier
of order z. If —L = f:zo AdFE) is the spectral resolution of the unique
self-adjoint extension of —L (using the same notation for its extension),
then Bochner-Riesz operator can be written as for A > p?

z > )\ z
5= /p2 (1 R)erEA.
We can represent S% by convolution on G: Sif = f * rj with the
kernel r% being C* smooth. The spherical transform of this kernel

is exactly m,. In Giulini-Mauceri, it was proved that if 1 < p < 2
and if Rez > d(p) := (]1J — 2)(n — 1), then the maximal operator S?
maps LP(X) continuous into LP*"(X) with r large enough, hence they
obtained the almost everywhere convergence for L” functions.

We are concerned with studying the H? boundedness of Riesz means
for G. There are two ways to address this issue. First we can consider
the Riesz mean on the atomic Hardy spaces introduced in T.Kawazoe[2000]
for K-invariant functions. The second way is to study the Riesz means
for Hardy spaces defined by ”Poisson” semigroup e~*. In this regard,
we may refer to the paper on general affine symmetric spaces (which
are non-Riemannian) by Hilgert, Olafsson and Orsted [1991].

We mention that in Riemannian case Kawazoe studied in [33] the
properties of Poisson kernels related to the Laplacian-Beltrami operator
on G/K. The Poisson kernel P is defined as a funciton on G/ K x K/M:
P(gK,kM) = exp(—2p(H (g 'k))), where G/k is identified with the
unit ball in F™ (F™ is R, C or H), and K /M with its boundary, the unit
sphere. This suggests that the Hardy classes introduced in the paper
by Olafsson et al. are extensions to the non-Riemannian case as they
defined the Hardy spaces by Poisson kernels of the above type.

It seems interesing and desirable if we can construct an atomic de-
composition for this type of Hardy spaces (which fit naturally with our
symmetric spaces). Thereforth we would be able to study in a simpler
way the mapping properties of B-R means, multiplier operators for H?
spaces on symmetric spaces.

Examples of semisimple Lie groups of real rank one.

SL(2,R), SU(n,1), SO(n, 1), Sp(n, 1), the connected Lie group of real
type Fj.

Let X = G/K. The classification of real rank one noncompact
symmetric spaces is known: a. G = S0,(n,1), K = SO(n), n €
7t n>2
b. G=8U(n,1), K=SU(n)xU)),neZ",n>2
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c. G=SP(n,1), K=SP(n)xSP(l),n€eZ*,n>2
d. G = Fy(—20), K = spin 9.

The first three kinds can be identified as hyperbolic spaces over real,
complex or quarternian fields (R, C or H).

Let X = G/K be a Riemannian symmetric space, where G is a
connected semisimple Lie group with finite center and K a maximal
compact subgroup. In the Lie algebra level, we have the Cartan de-
composition g = €@ p with a Cartan involution 6. Let a be a maximal
abelian subspace of p. Denote by af, the complexification of a*.

Let P = MAN be a minimal parabolic subgroup of G, where M
is the centralizer of A in K. Then the compact G/P = K/M is the
maximal boundary in the compactification of G/ K.

The spherical function can also be defined via Poisson integral of
constant function 1 in B(K/M) where B(K /M) is the space of the
hyperfunctions on K/M:

PA(9K) = / e~ A tplogla™ k) g
K

We have lim, o, a 2@y (a) = ¢(\), Harish-Chandra’s c-function.
For elementary spherical functions (K-bi-invariant), there is an ex-
plicit formula (G being complex) ([20]):

3 (det w)e~wAEH)

Ox(exp H) = c(id) [[ex, sinha(H)

Hea Xeag,

and
c(A) =7(p)/m(iN) A€ a’,

where 7(2) = [[,en, <, 2>

In the end of this section we refer to the following paper by S. Ben
Said, T. Oshima and N.Shimeno, related to our project. “Fatou’s the-
orems and Hardy-type spaces for eigenfunctions of the invariant differ-
ential operators on symmetric spaces” in IMRN, 16 (2003), 915-931.

3. RIESZ MEANS OF SPHERICAL EXPANSIONS

For z € C,Rz > 0, we define the Bochner-Riesz means of order z by

S0 = [ 0= 22 fon(leOn] 2an
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The Riesz means can be written as S} f = s%* f, here s% is a function
whose spherical transform is

- )\2+p2 .
O

Let F, be the usual Fourier-cosine transform, A the Abel transform,
then s% = AL F1(85(N)).

Let a and 2« be two roots of (g, a) with multiplicities m, and ma,
respectively. Then dimension of G/K is equal to n = m, + mao, + 1.
Fix an element Hy in a with a(Hy) = 1. Let G = KATK be Cartan
decomposition, where A* = {exp(tHy) : t > 0}.

For K-bi-invariant function f, if the spherical transform is given by

= [ f(exp(tHp))p—x(exp(tHp))A(t)dt then we have the inver-

SlOIl formula

£(t) = flexp(tHo)) = / T F)®)le(n)] 2,

noting that as A — oo, |¢(\)| ~ A~""1/2 (when G has rank one).

We need the asymptotic estimates for spherical functions (cf. Stanton-
Tomas or Giulini-Mauceri-Meda): Let J,(x) = 27" J,(z), where J, is
the Bessel function of the first kind and of order v. We have for t < Tj
(T() > 1)

oalexp(tHp)) = t" VAN YA T a1 (N +E2a(t) T ja(N) + E(N, 1)),
where a is bounded and smooth, and the error term E verifies

[E(A )] < C{ (M) ~+3/2 i M| > 1

We also need the estimates for derivatives of |c(\)|72.

dk
dX\k
whose estimates are based on the expression
T(iA) (252
(5 +iME(52)

(leN)| ™) < (1T + AP F1

c¢(A) =T(a/2)'(b/2)

here a = my, b = ma, and p = (Mg + 2may)/2;
Similarly, we can define the Bochner-Riesz means of order z associ-
ated with Jacobi expansion by

oo /\2
S = [Ta-2E

)2 FO)OY? () |e(N)[2dA.
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We can write S;f = s% * f, where s7 is a function whose Jacobi

transform is , )

) =1 -y
We also have the relation between spherical transform and Abel trans-
form via Fourier transform: F.As7 = §3(\).

Like in Koornwinder, Jacobi functions and analysis on noncompact
semisimple Lie Groups of rank one, in R.Askey et al (eds.), Special
functions, D.Reidel Publ. Com., Dordrecht. (1984) and Giulini.S and
Mauceri G. ‘Almost everywhere convergence of Riesz means on certain
noncompact symmetric spaces’, Ann. Mat.Pura. Appl.(4)159, (1991).
We obtain

Proposition 1. If a > 5 —1/2, a # —1/2, then
[s7(2)] < c(2) R (1 + VRaw|) = Femo3/(

3;1 )°‘+1/2(coshx)ﬁ+1/2.
sinh x

Consider the maximal operator

Sif(x) =sup|Spf(x)],  fe€ LP(A(x)dr),1<p<2.
R>0

We will use the maximal function M f:
Mf(z) = Mo f(x) = supxe * | f|(z).

Here y, = ﬁx[_m}, X[-rs] is the characteristic function of [—r,r].
Note. For certain discrete o, 3, M f has group-theorectical interpre-

tation as the maximal function on symmetric spaces of rank one.

Theorem 1. Let a > 5> —1/2 and o # —1/2, the maximal operator
M has weak type (1,1),

{z: Mf(x) > A} < OXNY[fllrade)-

Define
(1) M¢f($) = Stgg ¢(t)X[—t,t] * f(x)
@) ~suwa(t) [ 1, F () Al)dy.

Theorem 2. Let « > —1/2, o« # —1/2. i) If Rez > 0, then for
f e L*(A(x)dx),
152 fll2 < c(2)N1 12
it) If Rez > a+ 3, S7 is bounded from L*(A(z)dz) to weak L' + LA
for every q € [4, 00].
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iii) If Rez > (% —1)(a+3) and 1 < p < 2, then for every q > 3;)1—32,
1S fllpg < () fllp, £ € LP(RT, A(z)da).

Proof similar to that of Lemma 4.1 in Giulini and Mauceri, 1991.
(iii) follows from Stein’s complex interpolation.
A direct corollary of the above theorem is the pointwise result.

Theorem 3. Let 1 < p < 2 and f € LP(RT,A(x)dx). If Rez >
(% —1)(a+ 1), then limp_oo Sif(z) = f(z) a.e.

4. GENERALIZATION TO JACOBI TRANSFORMS

For a, B, € C, a # —1,—2, -3, ..., define
? A'd
Eoz = 7 5 A 7
P da? * A dx
where A(z) = A, 5 = (2sinhz)?**(2cosh)*™1 2 > 0. The Jacobi
function ¢, is the unique even C'*°— functions on R such that ¢,(0) =1
and satisfies

x>0,

L‘a,ﬁ@\ = —(P2 + )\2)¢)\7
with p = a + f + 1. For “nice” function f define the Jacobi transform
f by -
f=sr | rs0A®L
m™Jo

Let « > 8> —1/2 and a # —1/2. If f is an even function on R and
s € [0,00) the translation T} is given by

T.f(t) = / " P K (.t ) Aly)dy,

where for |s —t| <y < s+1,

21207 (a 4 1)(cosh s cosh t coshy)* 7~
V7l(a + 1/2)(sinh s sinh ¢ sinh y)2®
11

(4) (1_BQ)a_l/Q'F(a+ﬁ7a_5;a+§7§(1_3))7

(3) K(s,t,y) =

and otherwise K (s,t,y) = 0, where

cosh? s + cosh?t + cosh?y — 1

B =
2 cosh s cosh t cosh y

Note that K is nonnegative, satisfying

/ K(s,t,y)Ady = 1.
0
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There is a convolution given by

f gt = / L1 (5)g(t)A(s)ds.

Lemma 1. Define B(x,r) by B(z,r) =[x —r,x + 7] if v —r > 0;
0,2 +7]:=B(x+7r)ift —r#0. Then
1) If 0—r < 00,1+ |B(r)| ~ (coshr)?.
2)
|B(r)| ~r?et) < C

|B(r)| ~ (coshr)* 7> C.

3) Forr <1, x> 2, |B(z,r)| ~ r(coshz)? ~ re?®,
4) Forr <1,z <2,

|B(x,7)| ~ ra?et) 2> 9

|B(z,r)| ~ |B(r)|, x<2r.

Lemma 2. Let E be a subset of RY. {B(xx,r)} is a covering of E
with v, <1 for all k. Then there exists a disjoint { B(x;,;)} such that

[E] <O |Bai, ).
i=1

Proof similar to that of the Vitali covering lemma [1]. Weak (1, 1)
estimates were obtained in [36].

5. ATOMIC DECOMPOSITION OF HARDY SPACES H?(G/K)

Let G = KAN be the Iwasawa decomposition of a semisimple Lie
group of rank one and G = Kexpp the Cartan decomposition, its
Lie algebra g = [ & p. The metric on G is K-invariant and given by
o(kexp X) = || X||, here || - || is the Euclidean norm on p defined by
the Killing form. For 0 < p < ¢ < o0, a (p,q,0)-atom is a function a
supported in some ball B := B(gg, ) satisfying

(i) llall, < |BYYP
) / a(x)z®*=0 aeN'|a <[n(l/p-1)] ifr<1,
G

or
lall, < |B|I™' if r> 1.



WEAK TYPE ESTIMATES ON SYMMETRIC SPACES 9

When n/(n+ 1) < p < 1 one only needs the vanishing condition for
moment of order zero. Also every (p,oc0) atom is a (p,q)-atom. Fol-
lowing [31] the atomic Hardy space H'(G) := H_, consists of func-
tions in L'(G) such that f =" M\a;, where a; are (1, ¢, 0)-atoms with
> | Ai] < co. Denote the Laplace-Beltrami operator on X = G/K by
Ay. The associated maximal heat operators {e!®x} if ¢ > 1/2 and
Poisson operators {e *V=2x} are bounded from H'(X) to L}(X) if
€ > 0. In general given a family {¢;};~¢ of L' functions on G, define
the maximal operator Mg for € > 0 by

Mg f(g) = Stgg(l + )| f * ¢u(9)]-

Kawazoe showed that M is bounded from Hy, to L'(G,dg) and the
operator M is bounded from Hy, to L'(G, (14 o(g))~“dg) if € > 0
and {¢;} is a family of functions obtained from a single K-bi-invariant
function ¢ € C§°(G) by suitable dilations. The atomic decomposition
allows us to study the boundedness of B — R means by verifying the
appropriate estimates on a single atom in H'.

Recently, [48, 49] studied the H' to L' on R™, the atomic decompo-
sition can be extended to M by using the same definition for the local
version and suitable modifications for the non-locally supported atoms.
The subspace of L? with compact support coincides with H f; fin With
the quasi-norm

N
1l = (Y A7) < oo

J=1

The atomic Hardy space H? .. consists of functions

q,fin

fF=> XNa

where a; are (p, ¢)-atoms with (Z;\le |2\ P)VP < 0.

More recently the atomic decomposition has been generalized to the
setting of Riemannian manifolds with bounded geometry where the
Riesz transforms are considered [46].

REFERENCES

[1] J.-Ph. Anker , Sharp estimates for some functions of the Laplacian on non-
compact symmetric spaces. Duke Math. J. 65 (1992), pp. 257-297.

[2] R. A. Askey, T. H. Koornwinder and W. Schempp, Eds. Special functions:
group theoretical aspects and applications. Mathematics and its Applications.

D. Reidel Publishing Co., Dordrecht, 1984.



10

3]

[10]

[11]

SHIJUN ZHENG

J.-L. Clerc, Bochner-Riesz means of HP functions (0 < p < 1) on compact Lie
groups. Noncommutative harmonic analysis and Lie groups (Marseille-Luminy,
1985), 86-107, Lecture Notes in Math., 1243, Springer, Berlin, 1987.

J. L. Clerc and E. M. Stein , LP-multipliers for non-compact symmetric spaces.
Proc. Nat. Acad. Sci. USA 71 (1974), pp. 3911-3912.

L.Colzani, et. al, Equiconvergence theorem for Fourier-Bessel expansions with
applications to the harmonic analysis of radial functions in R™ and noneuclid-
ean spaces, Trans. Amer.Math.Soc., 338(1), (1993), 43-.

Thierry Coulhon, Heat kernel estimates, Sobolev type inequalities and Riesz
transform on non-compact Riemannian manifolds.

Cowling, Michael G. Harmonic analysis on semigroups, Ann. of Math.(2), 117,
(1983), no. 2, 267-283.

Cowling, Michael, The Kunze-Stein phenomenon, Ann. Math.(2), 107(2),
(1978), 209-234.

Cowling, Michael; Giulini, S.; Meda, Stefano Oscillatory multipliers related to
the wave equation on noncompact symmetric spaces, J. London Math. Soc.,
(2) 66 (2002), no. 3, 691-709.

Cowling, Michael; Giulini, Saverio; Meda, Stefano, LP-L? estimates for func-
tions of the Laplace-Beltrami operator on noncompact symmetric spaces. I.
Duke Math. J. 72 (1993), no. 1, 109-150.

Cowling, Michael; Giulini, Saverio; Meda, Stefano LP-L%-estimates for func-
tions of the Laplace-Beltrami operator on noncompact symmetric spaces. II.
J. Lie Theory 5 (1995), no. 1, 1-14.

Cowling, M.; Giulini, S.; Meda, S. LP—L9 estimates for functions of the Laplace-
Beltrami operator on noncompact symmetric spaces. III. Ann. Inst. Fourier
(Grenoble) 51 (2001), no. 4, 1047-1069.

Cowling, Michael, Sikora, Adam, A spectral multiplier theorem for a sublapla-
cian on SU(2), Math. Z., 238(1), (2001), 1-36.

De Michele, Leonede; Mauceri, Giancarlo HP multipliers on stratified groups,
Ann. Mat. Pura Appl., 148(4), (1987), 353-366.

M. Flensted-Jensen , Paley-Wiener type theorems for a differential operator
connected with symmetric spaces. Ark. Mat. 10 (1972), pp. 143-162. Math-
SciNet

Flensted-Jensen, Mogens; Koornwinder, Tom, The convolution structure for
Jacobi function expansions, Ark. Mat., 11, 245-262. (1973).

Folland, Gerald B., Harmonic analysis in phase space, Annals of Mathematics
Studies, 122. Princeton University Press, Princeton, NJ, 1989.

G. B. Folland and E. M. Stein, Hardy Spaces on Homogeneous Groups,
Math.Notes, 28, Princeton Univ. Press, Princeton (1982).

Giulini, Saverio; Mauceri, Giancarlo Almost everywhere convergence of Riesz
means on certain noncompact symmetric spaces. Ann. Mat. Pura Appl. (4)
159 (1991), 357-369.

Giulini, Saverio; Mauceri, Giancarlo; Meda, Stefano LP multipliers on non-
compact symmetric spaces. J. Reine Angew. Math. 482 (1997), 151-175.
Giulini, Saverio; Sjogren, Peter, A note on maximal functions on a solvable
Lie group. Arch. Math. (Basel), 55(2), (1990), 156-160.

S. Helgason, Differential Geometry and Symmetric Spaces, Academic Press,
San Diego (1962).



23]

[24]

WEAK TYPE ESTIMATES ON SYMMETRIC SPACES 11

Hulanicki, Andrzej; Jenkins, Joe W. Almost everywhere summability on nil-
manifolds. Trans. Amer. Math. Soc. 278 (1983), no. 2, 703-715.

A. Hulanicki, J. W. Jenkins, Nilpotent Lie groups and summability of eigen-
function expansions of Schrédinger operators. Studia Math. 80 (1984), no. 3,
235-244.

A. Hulanicki, J. W. Jenkins, Nilpotent Lie groups and eigenfunction expansions
of Schrédinger operators. II. Studia Math. 87 (1987), no. 3, 239-252.

A. D. Tonescu, An endpoint estimate for the Kunze-Stein phenomenon and
related maximal operators. Annals of Mathematics 152, 259-275 (2000).

A. D. Tonescu, A maximal operator and a covering lemma on non-compact
symmetric spaces. Mathematical Research Letters 7 (2000) , 83-93.

A. D. Ionescu, Singular integrals on symmetric spaces of real rank one. Duke
Mathematical Journal. 114 (2002), 101-122

A. D. Tonescu, Singular integrals on symmetric spaces. II. Trans. Amer. Math.
Soc. 355 (2003), no. 8, 3359-3378 (electronic).

A. D. Tonescu and David Jerison, On the absence of positive eigenvalues of
Schrédinger operators with rough potentials.

Kawazoe, T., Hardy spaces and maximal operators on real rank one semisimple
Lie groups, I, Tohoku Math. J.(2), 52(1), (2000), 1-18.

Kawazoe, T., L! estimates for maximal functions and Riesz transform on real
rank 1 semisimple Lie groups. J. Funct. Anal., 157(2), (1998), 327-357.
Kawazoe, T., A characterization of the Poisson kernel on the classical real rank
one symmetric spaces, Tokyo J. Math., 15(2), (1992), 365-379.

Kawazoe, T., Atomic Hardy spaces on semisimple Lie groups, Japan. J. Math.
(N.S.), 11(2), (1985), 293-343.

Kawazoe, T., Atomic Hardy spaces on semisimple Lie groups, Noncommutative
harmonic analysis and Lie groups (Marseille-Luminy, 1985), 189-197, Lecture
Notes in Math., 1243, Springer, Berlin, 1987.

Kawazoe, T.; Liu, J. On a weak L'1 property of maximal operators on non-
compact semisimple Lie groups. Tokyo J. Math., 25(1), (2002), 165-180.
Kawazoe, T., Tahani, Taoufiq, A characterization of the Poisson kernel asso-
ciated with SU(1,n), Tokyo J. Math., 11(1), (1988), 37-55.

Kawazoe, T., Tahani, Taoufig, Correction to: ” A characterization of the Pois-
son kernel associated with SU(1,n)” [Tokyo J. Math. 11 (1988), no. 1, 37-55;
MR 89h:22016], Tokyo J. Math., 17(2), (1994), 495-497.

Kenig, C. E.; Stanton, R. J.; Tomas, P. A. Divergence of eigenfunction expan-
sions. J. Funct. Anal. 46 (1982), no. 1, 28-44.

Koornwinder, Tom H. Jacobi functions and analysis on noncompact semisimple
Lie groups. Special functions: group theoretical aspects and applications, 1-85,
Math. Appl., Reidel, Dordrecht, 1984.

Koornwinder, Tom H. Fast wavelet transforms and Calderén-Zygmund opera-
tors. Wavelets: an elementary treatment of theory and applications, 161-182,
Ser. Approx. Decompos., 1, World Sci. Publishing, River Edge, NJ, 1993.
Liu, Heping, The H? boundedness of Riesz means on the Heisenberg group.
A Chinese summary appears in Acta Math. Sinica 39 (1996), no. 1, 140. Acta
Math. Sinica (N.S.) 11 (1995), Special Issue, 18-25.



12

[43]

[44]
[45]
[46]
[47]
[48]

[49]

SHIJUN ZHENG

Liu, He Ping; Lu, Shan Zhen, The HP-boundedness of the Riesz means for the
eigenfunction expansions for elliptic operators with constant coefficients. Proc.
Amer. Math. Soc. 122 (1994), no. 2, 487-494.

Liu, Jianming, Maximal functions associated with the Jacobi transform, Bull.
London Math. Soc., 32(5), (2000), 582—588.

N. Lohoue , Transformes de Riesz et fonctions sommables, Amer. J. Math.,
114, (1992), pp. 875-879.

G. Mauceri, S. Meda, M. Vallarino, Atomic decomposition of Hardy type spaces
on certain noncompact manifolds. arXiv 2010.

G. Mauceri, S. Meda, M. Vallarino, Sharp endpoint results for imaginary pow-
ers and Riesz transforms on certain noncompact manifolds. arXiv 2013.

S. Meda, P. Sjogren and M. Vallarino, On the H1 — L1 boundedness of oper-
ators. Proc. Amer. Math. Soc. 136 (2008), 2921-2931.

S. Meda, P. Sjogren and M. Vallarino, Atomic decompositions and operators
on Hardy spaces. REVISTA DE LA UNION MATEMATICA ARGENTINA.
50 (2009) No. 2, Pdginas 15-22.

D. Miiller and M. Vallarino, Wave equation and multiplier estimates on Damek-
Ricci spaces. arXiv. 2007.

Zhongmin Qian, Gradient estimates and heat kernel estimates. Proceedings of
the Royal Society of Edinburgh 125 (1995), Section A: Mathematics, 975-990.
Laurent Saloff-Coste, The heat kernel and its estimates. Advanced Studies in
Pure Mathematics, (2009), 1-32.

P. Sjogren and M. Vallarino, Boundedness from H1 to L1 of Riesz transforms
on a Lie group of exponential growth. arXiv 2007.

P. Sjogren and M. Vallarino, Heat Maximal function on a Lie group of expo-
nential growth. arXiv 2011.

R.J. Stanton, P.A. Tomas, Expansions for spherical functions on noncompact
symmetric spaces. Acta Math. 140 (1978), no. 3-4, 251-276.

Stanton, Robert J.; Tomas, Peter A. Pointwise inversion of the spherical trans-
form on LP(G/K), 1 < p < 2. Proc. Amer. Math. Soc., 73(3), (1979), 398-404.
E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and
Oscillatory Integrals, Princeton Math. Ser. 43, Princeton Univ. Press, Prince-
ton (1993).

Strichartz, Harmonic Analysis on complete Riemannian manifolds. JFA.

J. Stromberg , Weak type estimates for maximal functions on non-compact
symmetric spaces, Ann. of Math., 114, (1981), pp. 115-126.

M. H. Taibleson and G. Weiss , The molecule characterization of certain Hardy
spaces, Astrisque, 77, (1980), pp. 68-149.

G. Warner Harmonic Analysis on Semi-Simple Lie Groups II, Springer-Verlag,
Berlin/ New York (1972).

DEPARTMENT OF MATHEMATICAL SCIENCES, GEORGIA SOUTHERN UNIVER-
SITY, STATESBORO, GA 30460
URL, Shijun Zheng: http://math.GeorgiaSouthern.edu/ szheng



	1. Introduction
	2. Preliminaries
	3. Riesz means of spherical expansions
	4. Generalization to Jacobi transforms
	5. atomic decomposition of Hardy spaces Hp(G/K)
	References

