M1441 (Calc I) Instructor: S. Zheng

§3.7 Implicit Differentiation

The implicit differentiation method. Given that y = y(z) is a function
of z defined implicitly by the equation F(x,y) = C.

Step 1. Take derivative in x both sides of the equation using possibly
chain rule.

Step 2. Then, from the resulting equation obtained in Step 1, solve for
y' = dy/dx in terms of z and y.

Example 2. Find the slope of the circle 2% + y? = 25 at the point
(3, —4).

Solution. Step 1. Differentiating both sides of the equation with respect
to x, we obtain

(1) 20 +2y-y' =0

Step 2. Solve for ¥ in (1) to have

y=—=
Y

. The slope at (3, —4) is given by m = 2| 4 = 3. 0
Example 3. Find dy/dz if y* = 2* + sinzy.

Solution. Step 1. Differentiating both sides of the equation w. r. t. z,
we obtain

(2) 2yy' =2z + (y + 2y') cos xy
Step 2. Solve for 3/ in (2) to have

, 2x 4+ ycoszy
2y — xCcosTY

Example 4. Find d?y/dz? if 223 — 3y? = 8.

Solution. Step 1. Differentiating both sides of the equation in x, we
have

622 —6y -y =0
(3) o' —y-y =0



Step 2. Solve for ¢ in (3) to obtain

/

y:

< | 8,

~—~

Step 3. Repeat taking derivative in (3) in z again, we obtain

2x_y/2 _yy// =0

" _ 2r — y/2

B 2xy? — 2*

=Y
Yy y3

FIGURE 1. Plot of the implicit equation 223 — 3y? = 8
in Ex.4

The following graph for the implicit function y = y(z) is produced from
demo 0

Example 5. Show that the point (2, 4) lies on the curve x*+y*—9zy =
0. Then find the tangent and normal to the curve there.
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FIGURE 2. Plot of the implicit equation 23 +y*—9zy = 0
in Ex.5


https://www.desmos.com/calculator/pi5ofejgt0

Ex. (MML 3.7,#47) Find the slopes of the devil’s curve y* — 4y? =
z* — 922 at the four indicated points (£3,2) and (£3, —2).
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FIGURE 3. Plot of the implicit equation y* —4y? = 2* —

922 by demo

Ans: m = FZ at (—3,42); m = £2 at (3,£2).

§3.8 Derwatives of Inverse Functions and Logarithms

Theorem 3 (The Derivative Rule for Inverses). If f has an
interval I as domain and f’(z) exists and is never zero on I, then f~*
is differentiable at every point in its domain (the range of f). The value
of (f~') at a point b in the domain of f~! is the reciprocal of the value
of f at the point a = f~1(b):

1 df ! 1
(FH(b) = — or T
fI(f71(b)) de |,_, dz lz=f-1(b)
o fx)
R
R g(x)
.'Ill: r/- _
y=x / ki

FIGURE 4. Plot of the inverse functions y = f(z) and
y=g9=/f"'(z)


https://www.desmos.com/calculator/pi5ofejgt0

Example 2. Let f(z) = 2® — 2, z > 0. Find the value of df ™! /dz at
r =6 = f(2) without finding a formula for f~!(z).

[Solution| Step 1. Write y = f(z) =23 — 2, x > 0.

The inverse function y = f~!(x) satisfies + = y> — 2 by switching =
and y in the equation above.

Step 2. In order to evaluate the derivative of y = f~", we apply the
formula at the point (a,b) with b = f(a); note here (a,b) = (2,6).

-1

df =t 1 1
g T @ T
dx |=’D:f71(b) dx |z:a
B 1 B 1

where f/(z) = 32? = f'(2) = 3(2)* = 12.

d
Derivative of Logarithm. d—(ln r)=—, x>0.
T T

d 1
More generally, d—(ln |z]) = =,  # 0.

x x
The natural logarithm function y = In x is the inverse of y = ¢*, whose
graph is given in Figure 5.

FI1GURE 5. Plot of the logarithm function y = Inx

Example 3. Find (a) di In(2z) (b) aliln(ac2 + 3).
T T

; (b) 1313 ]

[answer: (a)

8] =

Example 4. A line with slope m passes through the origin and is
tangent to the graph y = Inx. What is the value of m?



(22 +1)(x + 3)1/2
r—1

Example 6*. Find dy/dz if y = ;x> 1.

[Solution| By logarithmic differentiation method

1
Iny = In(z? + 1) + iln(x +3) —In(z —1)
1 2z 1 1 1

g — —
yy _a:2+1+23:+3 x—1

(2 1 1
y=y »?+1 2zx+3 x-1
,_($2+1)(x+3)1/2( 2z 1 1 )

r—1 B

x2+1+2(x+3) x—1

Example 7*. Differentiate f(z) = 2%, z > 0.

[Solution] Write y = 2*. Then Iny = xlnz. Implicit differentiation
gives
1 1
—y =Inz+z(=)
Yy T
=y = (1+Inx)z”.

§3.9 Inverse Trigonometric Functions

Definition. y = sin™'a is the number in [—7/2,7/2] for which
siny = x.

y = cos™ ! x is the number in [0, 7] for which cosy = .

y = tan~! x is the number in (—7/2,7/2) for which tany = .

y = cot™! x is the number in (0, 7) for which coty = .

y = sec™! x is the number in [0, 7/2) U (7/2, 7] for which secy = .
y = csc ! x is the number in [—7/2,0) U (0, 7/2] for which cscy = .

1

1
T) = —x, x| <1
=i

Ex. Derivative of sin™' z. d—(sin_
x

d

Example 2. Find — (S.in*1 31;2).
dx

2x

i

lanswer: . (sin™'(2?)) =



TABLE 1. Derivative formulae for inverse trigonometric

functions
I A I I N
sin 1x T CoS lx —\/11_7
tan*1 T 1+1z2 cot’1 T —@
sec X m CSC —W
Derivative of tan~1 d(t “la) !
erivative of tan ™ x. —(tan™ " z) =
dx 14 22
Derivative of sec™! x. i(sec_1 T) = _ |z| > 1
dx |z|va? — 1
Ex. From MML
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(A) arcsinz vs sinx
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(B) arccosx vs cosx

FIGURE 6. graphs of sin™' z and cos™' =
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(A) arctanz vs tanx

(B) arccotx vs cotx

FIGURE 7. graphs of tan~!z and cot™!z


https://www.pearsonmylabandmastering.com/northamerica/mymathlab/
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(A) arcsecx Vs secx (B) arccscx vs cscx

FIGURE 8. graphs of sec™! z and csc™!z

§3.10* Related Rates

Exercise 6. If z = > — y and dy/dt = 5, then what is dz/dt when
y =27

Exercise 10. If r + s*> + 03 = 12, dr/dt = 4, and ds/dt = -3, find
dv/dt when r = 3 and s = 1.



