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§4.2 Vector Spaces (Continued)

Example 3. Show that the set of all 2 x 3 matrices with the operations of matrix addition
and scalar multiplication is a vector space.

Example 4. Let P be the set of all polynomials of the form p(z) = ag + a1z + a»x?, where
ag, a1, and ay are real numbers. The sum of two polynomials p(z) = ag + a1x + ar? and
q(r) = by + by + bea? is defined in the usual way,

p(x) +q(x) = (ag + bo) + (a1 + br)x + (az + ba)z”
and the scalar multiple of p(z) by the scalar ¢ is defined by
ep(x) = cag + carx + cazx®.
Show that P, is a vector space.
Example 5. Let C'(—o00,00) be the set of all real-valued continuous functions defined on

the entire real line. Addition is defined by (f + ¢)(z) = f(x) + g(x). Scalar multiplication
is defined by (cf)(x) = ¢[f(x)]. Show that C'(—o0,0) is a vector space.

Theorem 4.4. Let v be any element of a vector space V', and let ¢ be any scalar. Then the
properties below are true.

1.0Ov=0 2.¢c0=0 3. If ev=0, thenc=0o0r v=0. 4. (=1)v = —v.

Example 6. The set of all integers (with the standard operations) does not form a vector
space.

Example 7. The set of all second-degree polynomials is not a vector space.
Example 8. Let V = R?, the set of all ordered pairs of real numbers, with the standard oper-
ation of addition and the nonstandard definition of scalar multiplication ¢(z1, z2) = (cz1,0).

Show that V' is not a vector space.

84.3 Subspaces of Vector Spaces

Definition. A nonempty subset W of a vector space V is a subspace of V when W is a
vector space under the operations of addition and scalar multiplication defined in V.

Example 1. Show that the set W = {(x1,0, z3) : 1 and x5 are real numbers} is a subspace
of R? with the standard operations.

Theorem 4.5. If W is a nonempty subset of a vector space V', then W is a subspace of V'
if and only if the two closure conditions listed below hold.
1. If u and v are in W, then u + v is in W.
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2. If uis in W and c is any scalar, then cu is in W.

Example 2. Let W be the set of all 2 x 2 symmetric matrices. Show that W is a subspace
of the vector space My o, with the standard operations of matrix addition and scalar multi-
plication.

Example 3. Let W be the set of singular matrices of order 2. Show that W is not a
subspace of M, with the standard operations.

Example 4. Show that W = {(z1,x2) : 1 > 0 and x5 > 0}, with the standard operations,
is not a subspace of R

Example 6. Determine whether each subset is a subspace of R2.
(a) The set of points on the line x +2y =0 (b) The set of points on the line z + 2y =1

Example 8. Determine whether each subset is a subspace of R®.
(a) W = {(x1,22,1) : 1 and x5 are real numbers}

(b) W = {(x1, 71 + x3,x3) : 71 and x3 are real numbers}

84.4 Spanning Sets and Linear Independence

Definition. A vector v in a vector space V is a linear combination of the vectors
U, Us, - ,U, in V when v can be written in the form v = cju; + coug + - - - cgug where
C1,Co, -+ ,Cp are scalars.

Example 1. (a) For the set of vectors S = {(1,3,1),(0,1,2),(1,0,—5)} in R3, the first
vector is a linear combination of the other two.

Example 2. Write the vector w = (1,1,1) as a linear combination of vectors in the set
S ={(1,2,3),(0,1,2),(—1,0,1)}.

Example 3. If possible, write the vector w = (1, —2,2) as a linear combination of vectors
in the set S in Example 2.

Definition. Let S = {vi,va, -+ ,vi} be a subset of a vector space V. The set S is a
spanning set of V when every vector in V' can be written as a linear combination of vectors
in S. In such cases it is said that S spans V.

Example 5. Show that the set S = {(1,2,3),(0,1,2),(—2,0,1)} spans R.

Cengage


http://cengagebrain.com/

