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Chapter 1

Systems of Linear Equations

Many steps are often required to solve a system of linear equations, so it is
very easy to make arithmetic errors. You should develop the habit of checking your
solution by substituting it into each equation in the original system. For instance,

in Example 7, check the solution x = I,y = —1,and z = 2 as shown below.
Equation 1: (1) - 2(— 1)+ 32)= 9 Substitute the solution
Equation 2: —(1) + 3(—1) = —4 into each equation of the
Equation 3: 2(1) — 5(~1) + 5(2) = 17 original system.

The next example involves an inconsistent system—one that has no solution.
The key to recognizing an inconsistent system is that at some stage of the Gaussian
elimination process, you obtain a false statement suchas 0 = —2,

P2 CUWIFASEE]  An Inconsistent System

Solve the system.

X =3+t = 1
2xp = Xy = 2wy =
X+ 2x — 3y, = —1
SOLUTION
X =3+ x= 1 Adding —2 times the first
— = equation to the second equation
Xy X3 ] juati
R A — produces a new second equation.
X+t 2x) — 3x; = —1
e Adding — | times the first
5x2 - 4x3 = 0 equation to the third equation

5x, — 4x; = —2 <@= produces a new third equation.

(Another way of describing this operation is to say that you subtracted the first
equation from the third equation to produce a new third equation.)

o3t =1 Subtracting the second equation
Sx, — dx; = 0 from the third equation produces
0= -2 <= anew third equation.

The statement 0 = —2 ig false, so this system has no solution. Moreover, this system
is equivalent to the original system, so the original system also has no solution.

As in Example 7, the three equations in
Example 8 represent planes in a three-dimensional
coordinate system. In this example, however, the
system is inconsistent. So, the planes do not have a
point in common, as shown at the right,
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graphical analysis for other
systems in Exercises 91

1.1 Introduction to Systems of Linear Equations 9
This section ends with an example of a system of linear equations that has infinitely

many solutions. You can represent the solution set for such a system in parametric
form, as you did in Examples 2 and 3.

A System with Infinitely Many Solutions

Solve the system.

Xy ™ Xy =
X —3x; = —1
—x; + 3x, =
SOLUTION
Begin by rewriting the system in row-echelon form, as shown below.
X; —3x;=—1 <= Interchange the first
= x,= 0 &= WO equations.
—x; + 3x, = 1
X = 3x; = —1

Adding the first equation to the
»— x= 0 third equation produces a néw
3x, —3x;= 0 <& third equation.

%1 —3x =~ Adding — 3 times the second
Bn— x3= 0 equation to the third equation
0= 0 <= climinates the third equation.

The third equation is unnecessary, so omit it to obtain the system shown below.

X — 3%y = —1
X— x3= 0

To represent the solutions, choose x; to be the free variable and represent it by the
parameter £, Because x, = x, and x, = 3x; — 1, you can describe the solution set as

x;=3t— 1, x,=1t x3=1, tisanyreal number. E

DISCOVERY

ia Graph the two lines represented by the system of equations.

x—2y= 1
—2x+ 3y = -3

25 Use Gaussian elimination to solve this system as shown below.

x—2y= 1

x—2y=1
y=1
xX=3
y=1

Graph the system of equations you obtain at each step of this
process. What do you observe about the lines?

See LarsonLinearAlgebra.com for an interactive version of this type of exercise.
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1

Linear Equations In Exercises 1-6, determine whether
the equation is linear in the variables x and y.

1.2x—3y=4 2.3x—4xy=20
3.—3~+z—1=0 4, x2+y*=4
y X

5. 2sinx —y =14 6. (cos3)x +y=—16

Parametric Representation In Exercises 7-10, find
a parametric representation of the solution set of the
linear equation.

7.2x — 4y =0

9, x +y+z=1

10, 12x, + 24x, — 36x, = 12

8. 3x—-12—y:9

Graphical Analysis In Exercises 11-24, graph the
system of linear equations. Solve the system and
interpret your answer. ’

. 1 Exer(:lses See CalcChat.com for worked-out solutions to odd-numbered exercises

raphical Analysis In Exercises 31-36, complete parts

(a)—(e) for the system of equations.

(a) Usea graphing utility to graph the system.

(b) Use the graph to determine whether the system is
consistent or inconsistent.

(c) If the system is consistent, approximate the solution.

(d) Solve the system algebraically.

(e) Compare the solution in part (d) with the
approximation in part (c). What can you conclude?

31, -3%x— y=3 32, 4x— 5y= 3
6x+2y =1 —8x + 10y = 14

33, 2x— 8 =3 34, 9x — 4y =5
%x—{— y=0 %x-i—%y—:o

35, 4x— 8= 9 36, —14.7x + 2.1y = 105
0.8x — 1.6y = 1.8 44.1x — 6.3y = —3.15

System of Linear Equations In Exercises 37-56, solve
the system of linear equations.

37- xl - x2 = O

38, 3x + 2y = 2

1. 2x+y=4 12. x+3y=2
x—y=2 —x+2y=3
13. —x+ y=1 14. %x"%}’: 1
x—3y=4 —ox+ 5y = —4
15. 3x — Sy =1 16. —x + 3y =17
'2x+ y=9 4x + 3y = 1
17. 2x—y= 5 18. x— 5y =21
5x—y=11 6x + 5y = 21
x+3 -1 x—1 + 2
19. ) +}-}—~—3-““==1 20.T+X——§“=4
2x—y=12 x—2y=3

21. 0.05x — 0.03y = 0.07 22.
0.07x + 0.02y = 0.16

02x — 0.5y = —27.8
03x — 04y = 687

x Yy 2%y 2
L= L=
234 6 1 24 3+6 2

x—y=3 4+ y=4

Back-Substitution In Exercises 25

substitution to solve the system.

25, x;, — X%, = 2 26. 2x, — 4x, = 6
X, = 3x, =9
27, —x+ y— 27 28. x — ¥ = 5
2y + z= 3y+ z=11
%z = 47 = 8
29.5x1+2x2+x3=0 30.x1+x2+x3=0
2, + X =0 Xy =0
The symbol J indicates an exercise in which you are instructed to use a

software program.

. graphing uti

-30, use back-

3x, — 2%, = 1 6x + 4y = 14
39. 3u+ v =240 40, x, — 2x,=0
u + 3v =240 6x, + 2x, =0
41, 9x — 3y = —1 4. Ly +55,=0
§x+§y:~§ dx, + 5, =0
x—2  y—1
. + =
43. = 3 2
x—3y=20
x, +4 x+1
4._3_._.._+_2_.__._=
4 3 ) 1
3x, — X = —2

45. 0.02x; — 0.05x; = -0.19
0.03x, + 0.04x, = 052

46. 0.05x; — 0.03x, = 0.21
0.07x, + 0.02x, = 0.17

47, x— y— 2z~
x+2y—2=6
2x ~z=75

48. x+ y+ z=2
—x+3y+22=28
4x + Y =4

49. 3x, — 2y +hxy =1
X+ x, = 2% =3
2x1—3x2+6x3=8

50

51




50. 5x; — 3x, + 2%, =3
2 + 4y, — X3 =17
X, — 11}c2 +4x, =3
5L 2x + x, — 3x, = 4

4x, + 2x% = 10
—2x) + 3x, - 13x; = —8
52. x, +dx, = 13

i

4x; = 2x, + x, 7
2% = 2%, — Ty = —19
53 x— 3y+ 27=18
5x — 15y + 10z = 18
54 x =2, + S, = 2
3% + 2x, — X3 = -2
55. X+ y+z+ w=¢g
2x + 3y - w=0
3 tdy+r+ow=4
X+2y—z4 w=y

56. —x, + 2x, =1
dx, — x; — Xy =2

X, - x=0

3%, — 2x, + 3x, =4

_ System of linear equations.

57. 123.5x + 61.3y — 32.47 = —262.74
54.7x — 45.6y + 9827 = 1974
424x — 893y + 129, = 3366
38. 120.2x + 624y — 36.5; = 258.64
56.8x — 42.8y + 2737 = —71.44
88.1x + 72.5y — 28.5; = 22583

9. xt 05x, + 033k, + 0.25x, = 1.1
0-5%, + 0.33x, + 025%, + 021x, = 1.2
033x, +0.25%, + 02, + 0.17x, = 1.3
025x + 023, + 017x, + 0.14x, = 1.4

+ 00y~ 25y + 12, — 0.75w = 108
24x + 1.5y — 1.8z + 025w = —81
0.4x — 32y + 16z = 14w = 148.8
1.6x + L2y =32z 4+ 06w = —143.2

349
630
_1
45

§x1“8lx2+§x3= %53“3
'%x‘%eréz—éw:l
%+b~&+h=1
'Ex“§}’+%z~%w=l
Fhy Ly, o

Symboj @

150nLineqr4
hemmica,

1 3 2
* 2 — 7o + g3 =
£ 4 2
3x1 + 9x2 — §x3 =
4

in
/

System of Linear Equations In Exercises 57-62, use
a software program or a graphing utility to solve the

Sylla

bus Math 2160D, Elementary Linear Algebra

1.1 Exercises 11

Number of Solutions In Exercises 63-66, state why
.the system of equations must have at least one solution.
Then solve the system and determine whether it has
exactly one solution or infinitely many solutions.

63. 4x + 3y + 177 =0

65. 5x+ 5y— ;=9

64. 2x + 3y =0
dx+3y— z=90
8x+3y+3;=0

66. 16x + 3y +7=90
16x + 2y~ 7 =0

Sx+ 4y + 227 =0
dx+ 2y + 197 =

10x+ 5y.4+2;, =0
S5x+ 15y -9, =0

67. Nutrition One eight-ounce glass of apple juice and

68.

one eight-ounce glass of orange juice contain a tota] of
227 milligrams of vitamin C. Two eight-ounce glasses
of apple juice and three eight-ounce glasses of orange
juice contain a total of 578 milligrams of vitamin C.
How much vitamin C is in an eight-ounce glass of each
type of juice?

Airplane Speed Two planes start from Los Angeles
International Airport and fly in opposite directions. The
second plane starts % hour after the first plane, but its
speed is 80 kilometers per hour faster. Two hours after
the first plane departs, the planes are 3200 kilometers
apart. Find the airspeed of each plane,

True or False? In Exercises 69 and 70, determine
whether each statement is true or false. If a statement
is true, give a reason or cite an appropriate statement
from the text. If a statement is false, provide an example
that shows the statement is not true in all cases or cite an -
appropriate statement from the text,

69.

70.

71.

dicates that electronic data sets for these exercises are available
gebra.com. The data sets are compatible with MATLAB,
Maple, T1.83 Plus, TI-84 Plus, TI-89, and Voyage 200,

(@) A system of one linear equation in two variables is
always consistent,

(b) A system of two linear equations in three variables
is always consistent.

(c) If alinear system is consistent, then it has infinitely
many solutions.

(a) A linear system can have exactly two solutions,

(b) Two systems of linear equations are equivalent
when they have the same solution set,

(c) A system of three linear equations in two variables
is always inconsistent.

Find a system of two equations in two variables, x; and
Xy, that has the solution set given by the parametric
representation x; = ¢ and X, = 3t — 4, where ¢ is any
real number. Then show that the solutions to the system
can also be written as
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EMARK

Begin by aligning the variables
0 the equations vertically. Use
to show coefficients of zero
In the matrix, Note the fourth
olumn of constant terms in

€ augmented matrix.

1.2 Gaussiah' ElimihatiOn ahd Gauss-Jordén Eliminatioh

The plural of matrix is matrices.

1.2 Gaussian Elimination and Gauss-Jordan Elimination 13

Determine the size of a matrix and write an augmented or
coefficient matrix from a system of linear equations.

Use matrices and Gaussian elimination with back-substitution
to solve a system of linear equations.

Use matrices and Gauss-Jordan elimination to solve a system
of linear equations.

Solve a homogeneous system of linear equations.

MATRICES

Section 1.1 introduced Gaussian elimination as a procedure for solving a system of
linear equations. In this section, you will study this procedure more thoroughly,
beginning with some definitions. The first is the definition of a matrix.

Definition of a Matrix

If m and n are positive integers, then an m x n (read “m by 1) matrix is a rectangular

array
Column | Column 2 Column 3 C Column n
Row | ali a;, ags e a,,
Row 2 ay; Qyy dys RN a,,
Row 3 as, asz, Q35 as,
Row i aml Ay am3 e amn

in which each entry, ay, of the matrix is a number. An m x n matrix has m rows
and n columns. Matrices are usually denoted by capital letters.

The entry a; is located in the ith row and the jth column. The index i is called the
row subscript because it identifies the row in which the entry lies, and the index j is
called the column subscript because it identifies the column in which the entry lies.

A matrix with m rows and n columns is of size m x n. When m = n, the matrix is
square of order » and the entries a,,, a,,, ass, . . ., a,, are the main diagonal entries.

Sizes of Matrices !

Each matrix has the indicated size.

- 0 0], e 2 —7] .
a. [2] Size: 1 x 1 b. [0 O] Size:2x 2 . [ﬂ /i 4] Slze.2><3E

One common use of matrices is to represent systems of linear equations. The
matrix derived from the coefficients and constant terms of a system of linear equations
is the augmented matrix of the system. The matrix containing only the coefficients of
the system is the coefficient matrix of the system. Here is an example.

System Augmented Matrix Cofficient Matrix
x—4y+3z= 5 1 —4 3 5 1 —4 3
—x+3y— z=-3 -1 3 -1 =3 -1 3 -1

2x —4z= 6 2 0 —4 6 2 0 —4
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TECHNOLOGY

Many graphing utilities and
software programs can perform
elementary row operations on
matrices, If you use a graphing
utility, you may see something
similar to the screen below for a. Interchange the first and second rows.
Example 2(c). The Technology

ELEMENTARY ROW OPERATIONS

In the previous section, you studied three operations that produce equivalent systems
of linear equations.

1. Interchange two equations.
2. Multiply an equation by a nonzero constant,
3. Add a multiple of an equation to another equation,

In matrix terminology, these three operations correspond to elementary row operations.
An elementary row operation on an augmented matrix produces a new augmented matrix
corresponding to a new (but equivalent) system of linear equations. Two matrices are
row-equivalent when one can be obtained from the other by ‘a finite sequence of
elementary row operations.

Elementary Row Operations

1. Interchange two rows.
2. Multiply a row by a nonzero constant.
3. Add a multiple of a row to another row.

Although elementary row operations are relatively simple to perform, they can
involve a lot of arithmetic, so it is easy to make a mistake. Noting the elementary row
operations performed in each step can make checking your work easier.

Solving some systems involves many steps, so it is helpful to use a shorthand
method of notation to keep track of each elementary row operation you perform. The
next example introduces this notation.

Elementary Row Operations

. . Original Matrix New Row-Equivalent Matrix Notation
Guide at CengageBrain.com
can help you use technology 0 1 3 4 -1 2 0 3
to perform elementary row -1 2 0 3 0 1 3 4 R&R,
Operations. 2 -3 4 1 2 -3 4 1
A (12 —43 7 b. Multiply the first row by % to produce a new first row.
Eg '-?; EZ :g %J Original Matrix New Row-Equivalent Matrix Notation
- - _ — 1
PRA(=2, A1, 3) 2 -4 6 -2 1 -2 3 -1 (R, -,
CLT -4 31 g 1 3 -3 0 1 3 -3 0
3,21 5 -2 1 2 5 -2 1 2

¢. Add —2 times the first row to the third row to produce a new third row.

Original Matrix New Row-Equivalent Matrix Notation
1 2 —4 3 1 2 —4 3
0 3 -2 -1 0 3 -2 -1
2 1 5 =2 0 -3 13 -8 Ry + (=2)R, >R,

Notice that adding —2 times row 1 to row 3 does not change row 1.
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REMARK

The term echelon refers to the
stair-step pattern formed by
the nonzero elements of the
matrix.

1.2 Gaussian Elimination and Gauss-Jordan Elimination 1t

In Example 7 in Section 1.1, you used Gaussian elimination with back-substitutigy
to solve a system of linear equations. The next example demonstrates the Matri,
version of Gaussian elimination. The two methods are essentially the same. The basic
difference is that with matrices you do not need to keep writing the variables.

Using Elementary Row Operations
to Solve a System

Linear System Associated Augmented Matrix
x—2y+3z= 9 1 -2 3 9
2x =5y +5z= 17 2 -5 5 17
Add the first equation to the second Add the first row to the second row to
equation. produce a new second row.
x—2y+3z= 9 1 =2 3 9
y+3z=5 0 1 3 5| R +R R
2x — S5y + 57 =17 2 -5 5 17
Add —2 times the first equation to the Add —2 times the first row to the third
third equation. row to produce a new third row.
x— 29+3z= 9 1 -2 3 9
y+3z= 5 0 1 3 5
—y— z=-—1 0 =1 =1 =1} Ry+(-2R >R,
Add the second equation to the third Add the second row to the third row to
equation. ’ produce a new third row.
x—2y+3z=9 1 -2 3 9
y+3z=5 0 1 3 5
2z=4 0 0 2 4| Ry+R,—R,
Multiply the third equation by % Multiply the third row by % to produce
a new third row.
x—~2y+3z=29 1 -2 3 9
y+3z=35 0 1 3 5
z=2 0 0 1 2| (Br,or,

Use back-substitution to find the solution, as in Example 6 in Section 1.1. The solution
isx=1,y=—1l,andz = 2. '

The last matrix in Example 3 is in row-echelon form. To be in this form, a matrix
must have the properties listed below. |

Row-Echelon Form and Reduced Row-Echelon Form

A matrix in row-echelon form has the properties below.

1. Any rows consisting entirely of zeros occur at the bottom of the matrix.

2. Por each row that does not consist entirely of zeros, the first nonzero entry
is 1 (called a leading 1).

3. For two successive (nonzero) rows, the leading 1 in the higher row is farther
to the left than the leading 1 in the lower row.

A matrix in row-echelon form is in reduced row-echelon form when every column
that has a leading 1 has zeros in every position above and below its leading 1.
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TECHNOLOGY

Use a graphing utility or

a software program to find
the row-echelon forms of the
matrices in Examples 4(b)
and 4{e} and the reduced
row-echelon forms of the
matrices in Examples 4{a),
4(b), 4(c), and 4(e). The
Technology Guide at
CengageBrain.com can help
you use technology to find
the row-echelon and reduced
row-echelon forms of a matrix.
Similar exercises and projects
are also available on the
website.

| EXAMPLE Row-Echelon Form

Determine whether each matrix is in row-echelon form. If it is, determine whether the
matrix is also in reduced row-echelon form.

(1 2 -1 4 1 2 -1 2]
al0 1 0 3 b.10 0 0 0
0 0 1 -2 0 1 2 —4]
[1 -5 2 -1 3 (1 0 o -1
0 0 1 3 —2 Lo 1 0 2
“lo 0o o 1 “lo o 1 3
0 0 0 o0 1 0 0 o0 o
(1 2 -3 4 0 1 o0 5
e |0 2 1 -1 £{o0 o 1 3
o 0 1 -3 o 0 o0 o
SOLUTION

The matrices in (a), (c), (d), and (f) are in row-echelon form. The matrices in (d) and (f)
are in reduced row-echelon form because every column that has a leading 1 has zeros in
every position above and below its leading 1. The matrix in (b) is not in row-echelon form
because the row of all zeros does not occur at the bottom of the matrix. The matrix in (e)
is not in row-echelon form because the first nonzero entry in Row 2 is not 1. @

Every matrix is row-equivalent to a matrix in row-echelon form. For instance, in
Example 4(e), multiplying the second row in the matrix by % changes the matrix to
row-echelon form,

The procedure for using Gaussian elimination with back-substitution is
summarized below.

Gaussian Elimination with Back-Substitution

1. Write the augmented matrix of the system of linear equations.

2. Use elementary row operations to rewrite the matrix in row-echelon form,

3. Write the system of linear equations corresponding to the matrix in
row-echelon form, and use back-substitution to find the solution.

Gaussian elimination with back-substitution works well for solving systems of linear
equations by hand or with a computer. For this algorithm, the order in which you perform
the elementary row operations is important. Operate from left to right by columns, using
elementary row operations to obtain zeros in all entries directly below the leading 1’s.

LINEAR "~ The Glol?al Po§it.ioning System {GPS) is a neth)-rk of
ALGEBRA 24 satellites originally developed by the U.S. military as a
navigational tool. Today, GPS technology is used in a wide
APPLIED variety of civilian applications, such as package delivery,
farming, mining, surveying, construction, banking, weather
forecasting, and disaster relief. A GPS receiver works by using
satellite readings to calculate its location. In three dimensions,
the receiver uses signals from at least four satellites to
“trilaterate” its position. In a simplified mathematical model,
a system of three linear equations in four unknowns (three
dimensions and time) is used to determine the coordinates

of the receiver as functions of time.

edobric/Shutterstock.com
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Solve the system.

Gaussian Elimination with Back-Substitution

Xyt x3— 2x, = —3
X+ 2%, — xy = 2
2% +dx, + x3 —3x,= =2
X, —4x, — Txy — x,=—19
SOLUTION
The augmented matrix for this system is
[0 1 1 —2 -3]
1 2 -1 0 2
2 4 1 -3 -=2f
|1 -4 =7 -1 -19]
Obtain a leading 1 in the upper left corner and zeros elsewhere in the first column.
(1 2 -1 0 2] <= Interchange the first
0 1 1 —2 —3| <= (WOrows. R/ <R,
2 4 1 -3 =2
|1 -4 -7 -1 -19]
M1 2 -1 0 9] Adding —2 times the
first row to the third
0 1 I -2 -3 row produces a new
0 0 3 ~3 —6| <@&= third row. Ry + (2R, >R,
|Io—-4 =7 -1 -19]
1 2 -1 0 2]
0 1 1 -2 =3 Adding — 1 times the
first row to the fourth
0 0 3 -3 -6 row produces a new
[0 =6 —6 —1 —21| <&= fourth row. R, + (—1)R, >R,

Now that the first column is in
below.

the desired form, change the second column as shown

1 2 -1 0 2]
0 1 1 -2 —3 Adding 6 times the‘
second row to the fourth
0 0 3 -3 -6 row produces a new
0 0 0 —13 =39| <&= fourth row. R, + (6)R, >R,

To write the third and fourth columns in proper form, multiply the third row by % and
the fourth row by —%.

1 2 -1 0 2 Multiplying the third
0 1Lvo 1 =2 =3 row by % and the fourth l
0 0 1 -1 —2| <&= rowby —f produces new (§)R3 =Ry
0 0 0 1 3| <&= third and fourth rows. (~— %)R =R,
The matrix is now in row-echelon form, and the corresponding system is shown below.
Xy + 2%, — x5 2
Xy T Xy — 2xy= -3
Xy = Xy4=—2
= 3
Use back-substitution to find that the solution is x; = —1, x, = 2,x, = 1, and x4 = 3.
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GAUSS-JORDAN ELIMINATION

With Gaussian elimination, you apply elementary row operations to a matrix to
obtain a (row-equivalent) row-echelon form. A second method of elimination, called
Gauss-Jordan elimination after Car] Friedrich Gauss and Wilhelm Jordan (18421 899),
continues the reduction process until a reduced row-echelon form is obtained.
Example 7 demonstrates this procedure.

Gauss-Jordan Elimination

See LarsonLinearAlgebra.com for an interactive version of this type of example.

Use Gauss-Jordan elimination to solve the system.

x—2y+3z= 9

—x + 3y = —4
2x— S5y + 5z= 17
SOLUTION

In Example 3, you used Gaussian elimination to obtain the row-echelon form
1:-2 3 9
0 1 3 5
00 1 2

Now, apply elementary row operations until you obtain zeros above each of the leading
1’s, as shown below.

[1 0 9 19] R, + (QR, >R,
0 1 3 5

0 0 1 2]

(10 9 19]

0 1 0 -1 Ry + (=3)R, >R,
0 0 1 2]

1 0 0 1] R, + (=9R, - R,
0 1 0 -t

o o0 1 2]

The matrix is now in reduced row-echelon form. Converting back to a system of linear
equations, you have

Cx= 1
y=-1
z= 2.

The elimination procedures described in this section can sometimes result in
fractional coefficients. For example, in the elimination procedure for the system

2x—5y+5z= 14
3x—2y+ 3z = 9
—=3x + 4y = —18

you may be inclined to first multiply Row 1 by % to produce a leading 1, which will
result in working with fractional coefficients. Sometimes, judiciously choosing which
elementary row operations you apply, and the order in which you apply them, enables
you to avoid fractions,




20

Chapter 1

Systems of Linear Equations

DISCOVERY

ﬁ; Without performing any row operations, explain why the system of
linear equations below is consistent.

2%, +3x,+ Bx;=0

—=5x; +6x, — 17x;, =0
7x; — 4%, + 3x,=0

EE The system below has more variables than equations. Why does it
have an infinite number of solutions?

2x;+ 3%, + bx;+ 2x,=0

—bx; +6x, —17%3 — 3x,=0
7x; — 4x, + 3x; + 13x, =0

The next example demonstrates how Gauss-Jordan elimination can be used to
solve a system with infinitely many solutions.

A System with Infinitely Many Solutions

Solve the system of linear equations.

2%, +4x, — 2%, =0
3x, + 5x, =1

SOLUTION
The augmented matrix for this system is

[2 4 =2 0]

3 5 0 i)

Using a graphing utility, a software program, or Gauss-Jordan elimination, verify that
the reduced row-echelon form of the matrix is

[1 0 5 ZJ
0 1 -3 -1}

The corresponding system of equations is

b + 5x; = 2
Xy, — 3x; = —1L.

Now, using the parameter ¢ to represent x,, you have

xy=2—5 x,=—1+4+3t x;=1, ¢tisany real number.

Note in Example 8 that the arbitrary parameter ¢ represents the nonleading
variable x;. The variables x; and x, are written as functions of ¢,

You have looked at two elimination methods for solving a system of linear
equations. Which is better? To some degree the answer depends on personal preference.
In real-life applications of linear algebra, systems of linear equations are usually
solved by computer. Most software uses a form of Gaussian elimination, with
special emphasis on ways to reduce rounding errors and minimize storage of data. The
examples and exercises in this text focus on the underlying concepts, so you should
know both elimination methods.

P




1.2 Gaussian Elimination and Gauss-Jordan Elimination 21

HOMOGENEOUS SYSTEMS OF LINEAR EQUATIONS

Systems of linear equations in which each of the constant terms is zero are called
homogeneous. A homogeneous system of m equations in n variables has the form

- apXy T oapXy +oapxs + 0+ ax, =0
REMARK Apy Xy + ayXy + ayxy + - -+ ayx, =0
A homogeneous system of / :

three equations in the three Ai¥y + Gy + Qs+ - -+ a, %, = 0.

variables x;, x,, and x; has the _ N _ )
trivial solution x;, = 0, x, = 0, A homogeneous system must have at least one solution. Specifically, if all variables in

and x; = 0. a homogeneous system have the value zero, then each of the equations is satisfied. Such
a solution is trivial (or obvious).

n

Solving a Homogeneous System
of Linear Equations

Solve the system of linear equations.

used to X — X% +3x=0

2 +x, +3x,=0

SOLUTION

Applying Gauss-Jordan elimination to the augmented matrix

1 -1 3 0]
2 1 3 0]

yields the matrices shown below.

1 -1 30
0 3 -3 0 Ry + (=2)R; =R,
I -1 3 0
0 0

0

[

I —-1

1 0 2
0 I -1 0

(3R, - R,

erify that Rl -+ RZ —-%Rl

The system of equations corresponding to this matrix is
X + 2x;, =0
X, — x5 =0
+ Using the parameter ¢ = x;, the solution set is x; = —2t, x, = ¢, and x; = ¢, where

t is any real number. This system has infinitely many solutions, one of which is th
trivial solution (¢ = 0).

As illustrated in Example 9, a homogeneous system with fewer equations than
variables has infinitely many solutions.

wonleading
THEOREM 1.1 The Number of Solutions of a
1 of linear Homogeneous System

reference.
EI:IC usually
ation, with
>f data. The
you shoul

Every homogeneous system of linear equations is consistent. Moreover, if the
system has fewer equations than variables, then it must have infinitely many
solutions.

To prove Theorem 1.1, use the procedure in Example 9, but for a general matrix.




Chapter 1

1.2 Exercises

the matrix,

1 2 —4
L3 -4 6
0 1 2

4. [-1]
8 6 4 1
2 1 -7 4
5.
1 1 -1 2
1 -1 2 0
6.1 2 3 4 —10]

O e W

Systems of Linear Equations

Matrix Size In Exercises 1-6, determine the size of

Elementary Row Operations In Exercises 7-10,
identify the elementary row operation(s) being performed
to obtain the new row-equivalent matrix.

Original Matz;ix
[—2 5 1
7 L 3 -1 -8
Original Matrix
3 -1 -4
8. -4 3 7
Original Matrix
0 -1 -7
9,11 5 -8
| 3 -2 1
Original Matrix
(-1 -2 3
10, 2 -5 1
5 4 -7

)
J

2]

—2]
-7

New Row-Equivalent Matrix
13 0 — 39]
| 3 -1 -8

New Row-Equivalent Matrix

See CalcChal.com for worked-out solutions to odd-numbered exercises:

1 2 0 1 4
0 1 2 1 3
17. 0o 0 1 2 1
0 0 0 1 4
(1 2 0o 1 3]
0 1 3 0 1
181, 0 1 2 0
o 0o 0o o0 2]

Row-Echelon Form In Exercises 19-24, determine
whether the matrix is in row-echelon form. If it is,
determine whether it is also in reduced row-echelon form.

1. 0 0 o0
9.0 1 1 2

i 0 0 0

0 1 0 o
20. 10 2 J

(-2 0 1 5
2. 0 -1 2 1

. 0 0 0 2

{1 0 2 1
2.0 1 3 4

0o 0 1 0

(0 0O 1 0 o0
2310 0 0 1 o

o 0 0 2 0

(1 0 0 0
24.10 0 0 1

0 0 0 0

6]

3 -1 - 4]
5 0 —5
New Row-Equivalent Matrix
-1 5 -8 7]

0o -1 -7 7
| 0 13 —23 23]
New Row-Equivalent Matrix
(-1 -2 3 —2]

0 -9 7 —11

0 —6 8 —4]

Augmented Matrix In Exercises 11;18, find the
solution set of the system of linear equations represented
by the augmented matrix.

1
11. [O

13. [0

15. |1

1
12 [0

(1

14. [0

16. |1

O - OOCN — O

)

[ U < i N
[en)
[

System of Linear Equations In Exercises 25-38,
solve the system using either Gaussian elimination with
back-substitution or Gauss-Jordan elimination.
25, x+3y=11 26 2x+6y= 16
3x+ y= 9 —2x — 6y = —16
27. —x+2y=1.5
2x—4y=3
28. 2x — y= —0.1
3x+2y= 16
29, —3x+ S5y = —-22
x+4dy= 4
dx — 8y = 32
30 x+2y=0
x+ y=6
3x—2y=28




rmine
it is,
form.

25--38,
n with

31 x —3xy =2
3+ x—2= 5
2+ 2, + x;= 4

32. 3% — 2%, + 3x, = 22

3, — x3= 24
6x, — Tx, = —22

33, 2%, + 3x;= 3
4, = 3x, + Txy =
8x; — 9x, + 15x, = 10

34, x;+x—5x=3
X — 2%, =1
2, =%, — x3=0

35. 4x + 12y — 7z — 20w = 22

3x+ 9y — 57— 28w =30
x+2y+ z= 8

—3x— 6y — 3z = —21

3x+3y+12z= 6
x+ y+ 4z= 2

2x + S5y + 20z = 10

—-x+2y+ 8 4

L 2x+ y— z+2w=—6

3x + 4y + w= 1

x+5y+ 22+ 6w= -3

Sx+2y— z— w= 3

I
W

il

I

system of linear equations.

3. x — 2%, + 5x; — 3x, = 23.6

X+ dxy — Txg — 2x, = 457
3x; = 5x, + Txy + 4x, = 29.9

40, x + x, — 2x, + 3%, + 25, = 9

A3, - ot oxg=5

2+ 2~ xygt oxy— 2 =1

4x; +4x, + x, —3x;=4

8x; + Sx, — 25 — x, + 245 =3

4. x — Xp b 2xy + 2x4 + 6xs= 6
3x1-2x2+4x3+4x4+12x5= 14
Xy = X3— Xy~ 3xs= -3

2x) = 2x, + dxy + 5z, + 15x, = 10

20 = 2%, + 4y + 4x, + 13x, = 13
1t 2 = 2+ 2, — x5+ 3x5= 0
2y, - X+ 3%+ x, = 3x5 + 2x = 17
* + 3x, — 2, + X4 = 2x5 — 3xg = =5
I -2+ oy, - Xy + 3% — 25 = —1
AT 20+ xy o+ 2x, — 2x5 + 3xg = 10
M T3 b x4 3k, -2+ x = 11

System of Linear Equations In Exercises 39-42, use
) 2 software program or a graphing utility to solve the
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Homogeneous System In Exercises 43~46, solve the
homogeneous linear system corresponding to the given
coefficient matrix.

1 0 o0 -
3.0 1 1 4. |1 (1) (1) gJ

0 0 o -

[1 0 0 1 0 o0 o
45.10 0 1 0] 46.l0 0 o0

0 0 0 0 0 0 0

47. Finance A small software corporation borrowed
$500,000 to expand its software line. The corporation
borrowed some of the money at 3%, some at 4%, and

- some at 5%. Use a system of equations to determine
how much was borrowed at each rate when the annual
interest was $20,500 and the amount borrowed at 49,
was 2% times the amount borrowed at 3%. Solve the
system using matrices.

48. Tips A food server examines the amount of money
earned in tips after working an 8-hour shift. The server
has a total of $95 in denominations of $1, $5, $10,
and $20 bills. The total number of paper bills is 26.
The number of $5 bills is 4 times the number of $10
bills, and the number of $1 bills is 1 less than twice the
number of $5 bills. Write a system of linear equations
to represent the situation. Then use matrices to find the
number of each denomination.

Matrix Representation In Exercises 49 and 50, assume
that the matrix is the augmented matrix of a system
of linear equations, and (a) determine the number of
equations and the number of variables, and (b) find the
value(s) of k£ such that the system is consistent. Then
assume that the matrix is the coefficient matrix of a
homogeneous system of linear equations, and repeat
parts (a) and (b).

1 k 2
woa[ 1 F

2 —1 3
50. A=|—4 2 k

4 =2 6

Coefficient Design In Exercises 51 and 52, find values
of a, b, and ¢ (if possible) such that the system of linear
equations has (a) a unique solution, (b) no solution, and
(c) infinitely many solutions.

S x+ y =2 S2. x+ y =0
y+ z=2 y+ z=0

x + z=2 X + z=0
ax+by+cz=0 ax + by +cz=0




